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Abstract

We prove the existence of small amplitude, (27 /w)-periodic in time solutions of com-
pletely resonant nonlinear wave equations with Dirichlet boundary conditions for any
[frequency w belonging to a Cantor-like set of asymptotically full measure and for a new
set of nonlinearities. The proof relies on a suitable Lyapunov-Schmidt decomposition
and a variant of the Nash-Moser implicit function theorem. In spite of the complete
resonance of the equation, we show that we can still reduce the problem to a finite-
dimensional bifurcation equation. Moreover, a new simple approach for the inversion
of the linearized operators required by the Nash-Moser scheme is developed. It allows
us to deal also with nonlinearities that are not odd and with finite spatial regularity.
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1. Introduction
We consider the completely resonant nonlinear wave equation

{Mtt_uxx+f(xvu):07

u(t,0) =u(t,7) =0, (1)

where the nonlinearity
fOuw) = ap(ou” + 0™, p=2,

is analytic in u but is only H' with respect to x.

We look for small amplitude, (27 /w)-periodic in time solutions of equation (1)
for all frequencies w in some Cantor set of positive measure, actually of full density
atw = 1.

Equation (1) is an infinite-dimensional Hamiltonian system possessing an elliptic
equilibrium at ¥ = 0. The frequencies of the linear oscillations at zero are w; = j,
Vj=1,2,...,and therefore satisty infinitely many resonance relations. Any solution
v =) .. a;cos(jt +0;)sin(jx) of the linearized equation at u = 0,

{ Uy — Uy =0, Q)

u(t,0) =u(, ) =0,

is 2m-periodic in time. For this reason, equation (1) is called a completely resonant
Hamiltonian partial differential equation (PDE).

Existence of periodic solutions close to a completely resonant elliptic equilibrium
for finite-dimensional Hamiltonian systems has been proved in the celebrated theorems
of Weinstein [27], Moser [21], and Fadell and Rabinowitz [13]. The proofs are based
on the classical Lyapunov-Schmidt decomposition that splits the problem into two
equations: the range equation, solved through the standard implicit function theorem,
and the bifurcation equation, solved via variational arguments.

For proving the existence of small amplitude periodic solutions of completely
resonant Hamiltonian PDEs like (1), two main difficulties must be overcome:

@) a “small denominators” problem that arises when solving the range equation;
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(i)  the presence of an infinite-dimensional bifurcation equation: Which solutions
v of the linearized equation (2) can be continued to solutions of the nonlinear
equation (1)?

The “small denominators” problem (i) is easily explained: the eigenvalues of the
operator d;; — 9, in the spaces of functions u(z, x), (27 /w)-periodic in time and such
that, say, u(t, ) € Hy(0, ) for all #, are —w*> + j2,1 € Z, j > 1. Therefore, for
almost every w € R, the eigenvalues accumulate to zero. As a consequence, for most
w, the inverse operator of d,;, — d,, is unbounded, and the standard implicit function
theorem is not applicable.

The appearance of “small denominators” is a common feature of Hamilto-
nian PDEs. This problem was first solved by Kuksin [17] and Wayne [26] using
Kolmogorov-Arnold-Moser (KAM) theory (other existence results of quasi-periodic
solutions with KAM theory were obtained, e.g., in [9], [19], [23]; see also [18] and
references therein).

In[11] Craig and Wayne introduced for Hamiltonian PDEs the Lyapunov-Schmidt
reduction method and solved the range equation via a Nash-Moser implicit function
technique. The major difficulty concerns the inversion of the linearized operators
obtained at any step of the Nash-Moser iteration because the eigenvalues may be arbi-
trarily small. (This is the “small denominators” problem (i).) The Craig-Wayne method
to control such inverses is based on the Frolich-Spencer technique in [14] and (in the
wave equation with Dirichlet boundary conditions) works for nonlinearities f(x, u)
which can be extended to analytic, odd, periodic functions so that the Dirichlet problem
on [0, 7] is equivalent to the 2 -periodic problem within the space of all odd functions.
A key property exploited in this case is that the off-diagonal terms of the linearized
operator (seen as an infinite-dimensional matrix in Fourier basis) decay exponentially
fast away from the diagonal. At the end of the Nash-Moser iteration, due to the “small
denominators” problem (i), the range equation is solved only for a Cantor set of
parameters.

We mention that the Craig-Wayne approach has been extended by Su [25] to some
case where the nonlinearity has only low Sobolev regularity (for periodic conditions)
and by Bourgain [6], [7] to find also quasi-periodic solutions.

The previous results apply, for example, to nonresonant or partially resonant
Hamiltonian PDEs like u;; — u,, + a;(x)u = f(x, u), where the bifurcation equation
is finite-dimensional (2-dimensional in [11] and 2m-dimensional in [12]). With a
nondegeneracy assumption (“twist condition”) the bifurcation equation is solved in
[11], [12], by the implicit function theorem finding a smooth path of solutions which
intersects transversally, for a positive measure set of frequencies, the Cantor set where
also the range equation has been solved.
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On the other hand, for completely resonant PDEs like (1), where a;(x) = 0, both
small divisor difficulties and infinite-dimensional bifurcation phenomena occur. It was
quoted in [10] as an important problem.

The first existence results for small amplitude periodic solutions of (1) have
been obtained in* [20] for the nonlinearity f(x, u) = u3 and in [3] for fx,u) =
u? 4+ O(u’), imposing on the frequency w the strongly nonresonance condition |wl —
jl=vy/l,Vl # j.For 0 < y < 1/6, the frequencies w satisfying such a condition
accumulate to w = 1 but form a set %", of zero measure. For such @’s the spectrum
of 9;; — dy, does not accumulate to zero, and so the “small denominators” problem (i)
is bypassed. Next, problem (ii) is solved by means of the implicit function theorem,
observing that the zeroth-order bifurcation equation (which is an approximation of

the exact bifurcation equation) possesses, for f(x, u) = u?

, nondegenerate periodic
solutions (see [22]).

In [4], [5], for the same set #", of strongly nonresonant frequencies, existence
and multiplicity of periodic solutions have been proved for any nonlinearity f(u«). The
novelty of [4], [5] was to solve the bifurcation equation via a variational principle at
fixed frequency which, jointly with min-max arguments, enables us to find solutions
of (1) as critical points of the Lagrangian action functional. More precisely, the
bifurcation equation is, for any fixed w € #7,, the Euler-Lagrange equation of a
reduced Lagrangian action functional which possesses nontrivial critical points of
mountain pass type (see [1]; see also Remark [.4).

Unlike [3], [4], and [5], a new feature of the results of this article is that the set of
frequencies w for which we prove existence of (27 /w)-periodic in time solutions of
(1) has positive measure, actually has full density at w = 1.

The existence of periodic solutions for a set of frequencies of positive measure
has been proved in [8] in the case of periodic boundary conditions in x and for the
nonlinearity f(x, u) = u3+2 4<j<d (x)u’, where the a ;(x) are trigonometric cosine
polynomials in x. The nonlinear equation u;, — u,, + u> = 0 possesses a continuum
of small amplitude, analytic, and nondegenerate periodic solutions in the form of
traveling waves u(t, x) = 8po(wt + x), where w®> = 1 4 82 and py is a nontrivial 27 -
periodic solution of the ordinary differential equation p; = — pS. With these properties
at hand, the “small denominators” problem (i) is solved via a Nash-Moser implicit
function theorem adapting the estimates of Craig and Wayne [11] for nonresonant
PDEs.

Recently, the existence of periodic solutions of (1) for frequencies w in a set of
positive measure has been proved in [15] using the Lindstedt series method to solve the
“small denominators” problem. The article [15] applies to odd analytic nonlinearities
like f(u) = au® + Ow’) with a # 0 (the term u> guarantees a nondegeneracy

*Actually, [20] deals with the case of periodic boundary conditions in x (i.e., u(t, x + 2m) = u(t, x)).
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property). The reason that f(«) is odd is because the solutions are obtained as analytic
sine-series in x (see Remark 1.1).

We also quote the recent article [16] on the standing wave problem for a perfect
fluid under gravity and with infinite depth which leads to a nonlinear and completely
resonant second-order equation.

In this article we prove the existence of (27 /w)-periodic solutions of the com-
pletely resonant wave equation (1) with Dirichlet boundary conditions for a set of
frequencies w with full density at @ = 1 and for a new set of nonlinearities f(x, u),
including, for example, f(x, u) = u?.

We do not require that f(x, u) can be extended on (—m, w) x R to a function
g(x, u), smooth with respect to u, satisfying the oddness assumption g(—x, —u) =
—g(x, u), and we assume only H '-regularity in the spatial variable x (see assumption
(H)).

To deal with these cases we develop a new approach for the inversion of the
linearized operators which is different from the one of Craig and Wayne [11] and
Bourgain [6], [7]. Our method (presented in Section 4) is quite elementary, especially
requiring that the frequencies w satisfy the Diophantine first-order Melnikov nonres-
onance condition of Definition 3.3 with 1 < 7 < 2 (see comments regarding the
(P)-equation in Section 1.2.2).

To handle the presence of an infinite-dimensional bifurcation equation (and the
connected problems that arise in a direct application of the Craig-Wayne method; see
Section 1.2.2), we perform a further finite-dimensional Lyapunov-Schmidt reduction.
Under the condition that the zeroth-order bifurcation equation possesses a nondegen-
erate solution, we find periodic solutions of (1) for asymptotically full measure sets
of frequencies.

We postpone to Section 1.2 a detailed description of our method of proof.

1.1. Main result
Normalizing the period to 2, we look for solutions of

{ @y — Uy + fx,u)=0, 3)

u(t,0) =u(t, ) =0,
in the Hilbert space

X5 = {u(t, xX)= Zexp @lt) u(x) ‘ u; € HOl ((O, ), R), u(x) =u_;(x), vl € Z,
leZ

and [lull}, := Zexp Qo lIDA* + Dlwll3: < +oo}.
leZ

For 0 > 0,s > 0, the space X, is the space of all even, 2w -periodic in time
functions with values in HO1 ((0, w), R) which have a bounded analytic extension
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in the complex strip |Im #| < o with trace function on |Im¢| = o belonging to
H*(T, Hy((0, ), C)).

For 25 > 1, X, 5 is a Banach algebra with respect to multiplication of functions,
namely,*

U, up € Xa,s = UlUp € Xa,s and ”ulu2”0,s =< C””l”a,s””Z”a,s'

It is natural to look for solutions of (3) which are even in time because equation (1) is
reversible.

A weak solution u € X, of (3) is a classical solution because the map x +—
U (t, x) = @*uy(t, x) — f(x, u(t, x)) belongs to HJ (0, 7) for all € T, and hence,
u(t,-) e H30,m) C C*(0, ]).

Remark 1.1

Let us explain why we have chosen Hol((O, 1), R) as configuration space instead of
Y= {u(x) =Y, u;sin(jx) | 3 ; exp(2aj)j* |u;|* < +oo} asin[11],[15], which
is natural if the nonlinearity f(x, u) can be extended to an analytic in both variables odd
function. For nonodd nonlinearities f (even analytic), it is not possible, in general, to
find a nontrivial, smooth solution of (1) with u(z, -) € Y for all t. For example, assume
that f(x,u) = u’. Deriving twice the equation with respect to x and using the fact
that u(t, 0) = 0, u,, (¢, 0) = 0, us1xx (¢, 0) = 0, we deduce —u, . (¢, 0) +2u?(t, 0) =
0. Now u,,.(f,0) = 0, V¢, because all the even derivatives of any function in Y
vanish at x = 0. Hence u2(t, 0) =0, V. But this implies, using again the equation,
that Bfu(t, 0) = 0, Vk, Vt. Hence, by the analyticity of u(¢, ) € Y, u = 0.

The space of the solutions of the linear equation v;;, — v,, = 0 which belong to
HOI (T x (0, m), R) and are even in time is

V= {v(t,x) = ZZcos(lt)u; sin(lx) ‘ u; € R, leluzlz - +oo}.

I>1 I>1

V can also be written as
V= {v(z, xX) =t +x) — 1t — x) ‘ n € H'(T, R) with n odd}.

We assume that the nonlinearity f satisfies
H) fx,u) = Zkzp ak(x)uk, p > 2, and a;(x) € H'((0, 7), R) verify
D isp llak || g1 p* < 400 for some p > 0.

*The proof is as in [24], recalling that H[}((O, ), R) is a Banach algebra with respect to multiplication of
functions.
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THEOREM 1.1
Assume that f(x, u) satisfies assumption (H) and
au® + Yy ar(x)ut, ay #0,
fx,u)={ or

az(Ou + Yy arut,  (az) == (L) [ as(x)dx # 0.

Then s > 1/2 being given, there exist 8o > 0,0 > 0 and a C*®-curve [0, §y) > 6 —

u(8) € Xz 2,5 with the following properties:

6)) u(8) — 8Vlz/2,s = O(8%) for some v € V N Xz 5,0 # {0};

(i1)  there exists a Cantor set € C [0, do) of asymptotically full measure, that is,
satisfying

. meas(% N (0, n))
Iim ——~ =
n—0+t n

1, (4)

such that,V & € €, u(8) is a 2w -periodic, even in time, classical solution of (3)
with, respectively,

1 — 282

w=w()=1 or
V1 + 28%sign{as).

As a consequence, V8 € €, u(8)(t, x) := u(8)(w(d)t, x) is a (21 /w(8))-periodic, even
in time, classical solution of equation (1).

By (4) also, the Cantor-like set {w(8) | § € ¥} has asymptotically full measure at
w=1.

Remark 1.2

The same conclusions of Theorem 1.1 hold true also for f(x,u) = asu* + Ou®)
with @?> = 1 — 28%. This was recently proved in [2] as a further application of the
techniques of the present article (see Remark 1.5).

Theorem 1.1 is related to Theorem 1.2 stated in Section 1.2.1.

Remark 1.3

Under the hypotheses of Theorem 1.1 we could also get multiplicity of periodic
solutions as a consequence of Theorem 1.2 and Lemmas 6.1 and 6.3. More precisely,
there exist np € N and a Cantor-like set 4 of asymptotically full measure such that
V8 € %, equation (1) has a (277 /(ne(8)))-periodic solution u, for any ng < n < N()
with lims_, o N(8) = oo (u, is, in particular, (277 /w(6))-periodic). This can be seen as
an analogue for (1) of the well-known multiplicity results of Weinstein [27], Moser
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[21], and Fadell and Rabinowitz [13], which hold in finite dimension. Multiplicity of
solutions of (1) was also obtained in [5] but only for the zero measure set of strongly
nonresonant frequencies #, .

1.2. The Lyapunov-Schmidt reduction
Instead of looking for solutions of (3) in a shrinking neighborhood of zero, it is a
convenient device to perform the rescaling

u— du, 6&>0,

obtaining
{ Uy — e + 8P gs(x, u) =0, )
u(t,0) =u,m)=0,
where
x, 0u
gs(x, u) == % = a,()u” + 8a, (Pt 4.

To find solutions of (5), we try to implement the Lyapunov-Schmidt reduction accord-
ing to the orthogonal decomposition

Xo,s = (V N Xa,s) ¥ (W N XO',S)1
where

W= {w =3 exp(ilt) wix) € Xo, | w_; = w; and

leZ

/n wi(x) sinlx)dx = 0, VI e z}. (6)
0

(The Ith time-Fourier coefficient w;(x) must be orthogonal to sin(/x).)

Looking for solutions u = v+ w with v € V, w € W, we are led to solve
the bifurcation equation (called the (Q)-equation) and the range equation (called the
(P)-equation)

2
—1
_¥A” =87 "My gs(x, v+ w), (Q)
Low = 8" 'Tygs(x, v+ w), (P)

)

where

AV = vy + vy, Ly := —0®3 + 3y,
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and Iy : X, — V, Iy : X, — W denote the projectors, respectively, on V
and W.

1.2.1. The zeroth-order bifurcation equation
In order to find nontrivial solutions of (7), we impose a suitable relation between the
frequency w and the amplitude §. (As § — 0, @ must tend to 1.)

The simplest situation occurs when
Hv(a,,(x)v") = 0. 8)
Assumption (8) amounts to require that
Jv € V  such that /Qap(x)v”“(t,x) dtdx #0, Q:=T x (0, n), )
which is verified if and only if a,(m — x) # (—1)7a,(x) (see Lemma A.1).

When condition (8) (equivalently, (9)) holds, we set the frequency-amplitude
relation

2

—1

e leli=sm

2

so that system (7) becomes
{_sznvg(S,x,U‘i‘w), (Q) (10)
Low = ellwg(3, x, v+ w), (P)
where
8@, x, u) := s*gs(x, u) = s*(a, ()’ + Sa, (ult + )

and

s* .= sign(e).

When 6 = 0 (and hence, ¢ = 0), system (10) reduces to w = 0 and the zeroth-order
bifurcation equation

— Av = 5*Tly (a,(x)v?) 11

which is the Euler-Lagrange equation of the functional ®,: V — R

pt+1

+1

2
oy(v) = 12t —s*/ a,(x)——— dx dt, (12)
2 Q p

where [[v]13, = [, v} + vidxdt.
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By the mountain pass theorem in [1], taking

. { 1,  thatis,e >0, w > 1, if 3v € V such that [, a,(x)v”*! > 0, 3
sT =

—1, thatis,e <0, w <1, if Jv € V such that [, a,(x)v”™" <0,

there exists at least one nontrivial critical point of @ (i.e., a solution of (11)).

We say that a solution v € V of equation (1 1) is nondegenerate if zero is the only
solution of the linearized equation at v (i.e., ker ®((v) = {0}).

If condition (8) is violated (as for f(x, u) = a>u?), the right-hand side of equation
(11) vanishes. In this case the correct zeroth-order nontrivial bifurcation equation
involves higher-order nonlinear terms, and another frequency-amplitude relation is
required (see Section 1.2.3).

For the sake of clarity, we develop all the details when the zeroth-order bifurcation
equation is (11). In Section 6.2 we describe the changes for dealing with other cases.

We can also look for (277 /n)-time-periodic solutions of the zeroth-order bifurca-
tion equation (11). (They are particular 27 -periodic solutions.) Let

V, :={v €V |v is (2m/n)-periodic in time}

= {v(t,x) = n(nt +nx) — n(nt —nx) | n € H'(T,R) with nodd}. (14)

If v € V,, then [Ty (a,(x)v?) € V,, and the critical points of ®qy, are the solutions
of equation (11) which are (2 /n)-periodic. Also, ®y, possesses a mountain pass
critical point for any n (see [5]).

We say that a solution v € V, of (11) is nondegenerate in V,, if zero is the only
solution in V,, of the linearized equation at v (i.e., ker (I)S\Vn (v) = {0}).

THEOREM 1.2
Let f satisfy (S) and (H). Assume thatv € V,, is a nontrivial solution of the zeroth-order
bifurcation equation (11) which is nondegenerate in V.

Then the conclusions of Theorem 1.1 hold with ® = w(8) = +/1 + 2s*§7~1.

1.2.2. About the proof of Theorem 1.2
Sections 2—5 are devoted to the proof of Theorem 1[.2. Without genuine loss of
generality, the proof is carried out for n = 1, and we explain why it works for n > 1
as well at the end of Section 5.

The natural way to deal with (10) is to solve first the (P)-equation (e.g., through
a Nash-Moser procedure) and then to insert the solution w(§, v) in the (Q)-equation.
However, since V is infinite-dimensional here, a serious difficulty arises: if v € V N
X ,.s- then the solution w(8, v) of the range equation, obtained with any Nash-Moser
iteration scheme, will have a lower regularity (e.g., w(8, v) € X4,2,5). Therefore in
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solving next the bifurcation equation for v € V, the best estimate we can obtain is
v € VN X4y/2 542, which makes the scheme incoherent. Moreover, we have to ensure
that the zeroth-order bifurcation equation (1 1) has solutions v € V which are analytic,
a necessary property to initiate an analytic Nash-Moser scheme. (In [11], [12], these
problems do not arise since the bifurcation equation is finite-dimensional.)

We overcome these difficulties thanks to a reduction to a finite-dimensional bifur-
cation equation on a subspace of V of dimension N independent of w. This reduction
can be implemented, in spite of the complete resonance of equation (1), thanks to the
compactness of the operator (—A)~!.

We introduce the decomposition V = V| & V,, where

Vii={ve V|t x)=3, 2cos(lt)usin(lx), u; € R},
Vai={v eV |, x)=) .y, 2cosltu sin(lx), u; € R}.

Setting v := v; + vy with v; € Vi, v, € V,, system (10) is equivalent to

—Av; =TIy, g(6, x, vi + v2 + w), (3]
—Avy =TIy, 808, x, v + v2 + w), (02) (15)
Low = ellyg(8, x, vi + v2 + w), (P)

where Iy, : X, — V; (i =1, 2), denote the orthogonal projectors on V; (i =1, 2).
Our strategy to find solutions of system (15) (and hence, to prove Theorem 1.2)
is the following.

Solution of the (Q2)-equation. We solve first the (Q2)-equation, obtaining v, =
v2(8, v1, w) € VN X, 540 when w € W N X, ¢, by the contraction mapping theorem,
provided that we have chosen N large enough and 0 < o < & small enough, depending
on the nonlinearity f but independent of § (see Section 2).

Solution of the (P )-equation. Next, we solve the (P)-equation, obtaining w =
w(s,v1) € W N Xz, by means of a Nash-Moser type implicit function theorem
for (8, v;) belonging to some Cantor-like set B, of parameters (see Theorem 3.1).
Our approach for the inversion of the linearized operators at any step of the
Nash-Moser iteration is different from the Craig-Wayne-Bourgain method. We de-
velop u(t, -) € HOl ((0, ), R) in time-Fourier expansion only, and we distinguish the
diagonal part D = diag{D;};cz of the operator that we want to invert. Next, using
Sturm-Liouville theory (see Lemma 4.1), we diagonalize each Dy in a suitable basis
of HOI((O, ), R) (close to, but different from (sin jx);->1). Assuming a first-order
Melnikov nonresonance condition (see Definition 3.3), we prove that its eigenvalues
are polynomially bounded away from zero, and so we invert D with sufficiently good
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estimates (see Corollary 4.2). The presence of the off-diagonal Toepliz operators
requires us to analyze the “small divisors”: for our method, it is sufficient to prove
that the product of two “small divisors” is larger than a constant if the corresponding
singular sites are close enough (see Lemma 4.5). This holds true if the Diophantine
exponent T € (1, 2) by the lower bound of Lemma 4.3. Moreover, for t € (1, 2), the
nonresonance Diophantine conditions are particularly simple (see Definition 3.3 and
the Cantor set B, in Theorem 3.1). This restriction for the values of the exponent t
simplifies also the proof of Lemma 4.9, where the loss of derivatives due to the “small
divisors” is compensated by the regularizing property of the map v;.

Solution of the (Q1)-equation. Finally, in Section 5 we consider the finite-dimensional
(Q1)-equation.

We could define a smooth functional W : [0, 89) x V; — R such that any critical
point v; € V; of W(4, -) with (8, v1) € B (= the Cantor-like set of parameters for
which the (P)-equation is solved exactly) gives rise to an exact solution of (3) (see
[4]). Moreover, it would be possible to prove the existence of a critical point v;(§) of
W(4, -), V6 > 0 small enough, using the mountain pass theorem in [1].

However, since the section Es := {v; | (8, v]) € By} has gaps (except for § in
a zero measure set; see Remark 1.4), the difficulty is to prove that (8, v1(§)) € B
for a large set of §’s. Although B is in some sense a large set, this property is not
obvious. In this article we prove that it holds at least if the path (§ — v(8))is C! (see
Proposition 3.2) and so intersects transversally the Cantor set By.

This is why we require in Theorem 1.2 nondegenerate solutions of the zeroth-
order bifurcation equation (1 1). This condition enables us to use the implicit function
theorem, yielding a smooth path (§ — v;(8)) of solutions of the (Q 1)-equation.

Remark 1.4

The section Es has no gaps if and only if the frequency w(8) = +/1 + 2s*57~1 belongs
to the uncountable zero measure set %), :={|lwl —j| > y /I, Vj #1,1 > 0, j > 1} of
[3]. This explains why in [4], [S] we had been able to prove the existence of periodic
solutions for any nonlinearity f, solving the bifurcation equation with variational
methods.

We lay the stress on the fact that the parts on the (Q2)- and ( P)-equations do not use the
nondegeneracy condition. We hope that we will be able to improve our results relaxing
the nondegeneracy condition in a subsequent work, using the variational formulation
of the (Q1)-equation and results on properties of critical sets for parameter-depending
functionals.
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1.2.3. About the proof of Theorem [.1
To deduce Theorem 1.1 when f(x, u) = az(x)u® + O(u*) and (a3) # 0, we just have
to prove that the zeroth-order bifurcation equation*

— Av = s* Ty (a3 (x)v°) (16)

possesses, at least for n large, a nondegenerate solution in V,,. Choosing s* € {—1, 1}
so that s*(az) > O, this is proved in Lemma 6.1.

In the case f(x, u) = au’ + O(u*), condition (8) is violated because [Ty v> = 0,
and we have to use a development in § of higher order, as in [4]. Imposing in (7) the
frequency-amplitude relation

= -8 (17)

the correct zeroth-order bifurcation equation turns out to be (see Section 6.2)
— Av+2a3Ty (vL™'(v%)) = 0, (18)

where L=! : W — W is the inverse operator of —d;, + 0,,. Equation (18) is the
Euler-Lagrange equation of

2
do(v) = (L7} v a—%/ v’ L2, (19)
2 2 Jo
which again possesses mountain pass critical points because [, v?L™'v? < 0,Vv € V
(see [4)).
The existence of a nondegenerate critical point of (®g)y, for n large enough is
proved in Lemma 6.3. This implies, as in Theorem 1.2, the conclusions of Theorem 1.1.

Remark 1.5
Also, when f(x,u) = asu* + Ou?®), condition (8) is violated because ITyv* = 0.
Imposing the frequency-amplitude relation w> — 1 = —28%, the correct zeroth-order

bifurcation equation turns out to be
— Av +4a;TTy (VL' (v") = 0. (20)

The existence of a solution of (20) which is nondegenerate in V, for n large enough
is proved in [2]. This implies the conclusions of Theorem 1.1.

*Note that (a3) # 0 implies condition (9) because asz(w — x) # —asz(x), and so ITy (a3 x)v?) #£0.
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2. Solution of the (Q2)-equation
The main assumption of Theorem 1.2 says that at least one of the critical points
of ®( defined in (12) or of the restriction of ®; to some V,, called v, is
nondegenerate. For definiteness, we assume that v is nondegenerate in the whole
space V.

By the regularizing property of

(-A)' VN HYQ) - VN HY(Q), Vi >0,

and a direct bootstrap argument, v € H*(Q), Vk > 0. Therefore* v € V N C®(RQ).

In the sequel of this article, s > 1/2 is fixed once and for all. We also fix some
R > 0 such that

[vllos < R. @2y

By the analyticity assumption (H) on the nonlinearity f and the Banach algebra
property of X, , there is a constant Ko > 0 such that

k—p  k k— k—1 k
186, %, wllos = | Y@@t | <3 a7 K ul,
o,
k=p

k>p
< Clull?, Y llallm S Kollullos )™ < C'llul2 (22)
k>p
in the open domain %5 := {u € X, | 6Ko |lulls.s < p} because the power series

Zkzp llak |l g1 p* =7 < 400 by (H). The Nemitsky operator
Xosdu— g6, x,u) € Xos

isinC*®(Us, X..5). We specify that all the norms || ||, s are equivalent on V;. In the
sequel,

B(p, V1) == {vi € Vi | villos < 0}

The fact that v € V N X, ; for some o > 0 is a consequence of the following
lemma.

LEMMA 2.1 (Solution of the (Q2)-equation)

There exist N €e Ny, 0 :=In2/N > 0, 89 > 0 such that

(a) VO <o <o,V|villos <2R,V||wles < 1,V € [0, 8y), there exists a unique
vy = n(d, v, w) € Vo N Xo s with ||v2(8, vi, w)|les < 1 which solves the
(Q2)-equation;

*The following is true evenif a,(x) € H 10, 7),R) only because the projection Iy has a regularizing effect in
the variable x.
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(b) (0, Iy, v, 0) = Iy, v;

(c) v2(8, v1, w) € Xy 542, the function® vy(-, -, ) € C*([0, §) x B(2R; V}) X
B(1; WN Xs5), Vo Xp542), and D*v, is bounded on [0, 8y) x BQ2R; V) X
B(1; WN X,5) foranyk € N;

(d)  if, in addition, ||w||sy < 400 for some s’ > s, then (provided §y has been
chosen small enough) ||[v2(8, vy, W)|le.s42 < K(s', |w]ls.5)-

Proof
Fixed points of the nonlinear operator A"(§, vy, w, -) : Vo — V, defined by

N8, v1, w, vy) 1= (—A) Ty, g(8, x, v +w + vy)

are solutions of equation (Q2). For w € W N X,,, va € Vo N X, 5, we have
NS, v1, w,v2) € Vo N X440 since g6, x, v + w 4+ v2) € X, and because of
the regularizing property of the operator (—A)~! My, : Xos & Vo N Xo 510

(@) Let B :={vy € Vo N X455 | ll02]l6.s < 1}. We claim that there exist N € N,
o > 0,and §p > Osuchthat VO < o < 7, ||[villos < 2R, [[w|lss < 1,6 € [0, ), the
operator v; — A(8, v1, w, vy) is a contraction in B; more precisely,
D valles = 1= A6, v, w, »)llos < 15
(i) v,V € B = A, v1, w, v2) — A (G, v, w, V)llos < (1/2)[[v2 = V2llos-
Let us prove (i). For all u € X, [[(—=A)"'Ty,ullos < (C/(N + 1)®)||lulls.s, and so,
Vilwlle,s < 1, lvillos < 2R, § € [0, &), using (22),

C
A, vi, w, V2)lgs < v llg(8, x, vi + v2 + w)llos

+1)?

!

= m(llvlllﬁ,x + o2l + lwliZ,)
I

< o (S E@PMIulE, + 12, + 1)
I

< i @R +lullg, +1)

forexp (o N) < 2, where we have used the fact that ||v; ||, s < exp (o N)|villos < 4R.
For N large enough (depending on R), we get

!

: C
lvallos < 1= [[ A3, vi, w, V)los < m((4R)p +1+ 1) <1,

*The formulal € C*°(A, Y) means, if A is not open, that there is an open neighborhood U of A and an extension
TeC™WU,Y)ofl.
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and (i) follows, taking o := In2/N. Property (ii) can be proved similarly, and the
existence of a unique solution v,(8, v;, w) € B follows by the contraction mapping
theorem.

(b) We may assume that N has been chosen so large that || ITy,v|os < 1/2. Since
v solves equation (11), ITy,v solves the (Q2)-equation associated with (8, vi, w) =
(0, ITy, v, 0). Since I1y,v = A7(0, Iy, v, 0, ITy,v) and I1y,v € B, we deduce I1y,v =
v2(0, Iy, v, 0).

(c) As a consequence of (ii), the linear operator / — D,,,./" is invertible at the fixed
point of A"(§, vy, w, -). Since the map (8, vy, w, v2) = A7(8, v1, w, v2) is C*, by the
implicit function theorem v, : {(8, vi, w) | 6 € [0, 8o), llvillos < 2R, [[w]es < 1} —
VoN X, s is a C*-map. Hence, since (=A)~! [Ty, is a continuous linear operator from
Xost0o Vo N X440 and

v2(8, vi, w) = (=A) Ty, (88, x, v1 + w + V28, V1, W))), (23)

by the regularity of the Nemitsky operator induced by g, va2(-, -, -) € C*([0, §p) %
BQ2R; V) x B(1; WN X,5), Va N X4 542). The estimates for the derivatives can be
obtained similarly.

(d) Let us first prove the following: if §||u ||, is small enough, then

ueX,, =g, x,u)eXsr, Vr=>s. 24)

We first observe that since r > s > 1/2, foru, v € H" (R/2nZ), we have ||uv| gr <
C.(JJullsollvll gr + Nlvllcollee]l ). This is a consequence of the Gagliardo-Nirenberg
inequalities. Hence there is a positive constant K, such that

lu' g < K ullS ull g < K7l ull g, Yu € H'(R/27Z), VI > 1.

Considering the extension of a function u € X, , to the complex strip of width o and
using the fact that HO1 (0, ) is a Banach algebra, we can derive that Vr > s, ||ul o <
Kf_l ||”||£,TS1 ll||s. - Therefore

g, x, 0llo = | Yo a8 | <z, - el 16wl

k>p k>p

< Nl [Nyl D Nawlln €7@ lullo, )7 @lull) | <00
k>p

for §||u||+,s small enough.

Now, assume that ||w|,y < +oo for some s > s. Since v2(8, vi, w) € X4y
solves equation (23), by a direct bootstrap argument using the regularizing properties
of (—=A) 'y, : X,, = VaN X, ,+2 and the fact that ||v;]l,, < +00, Vr > s, we
derive v2(8, vi, W) € Xo 542 and [[v2(8, vi, W)lo5+2 < K, [wllo,s)- o
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Remark 2.1

Lemma 2.1 implies, in particular, that the solution v of the zeroth-order bifurcation
equation (11) is not only in V N C*(£2) but actually belongs to V N Xz 42 and
therefore is analytic in # and hence in x.

We stress that we consider as fixed the constants N and ¢ obtained in Lemma 2.1,
which depend only on the nonlinearity f and on v. On the contrary, we allow g to
decrease in the next sections.

3. Solution of the (P)-equation
By the previous section we are reduced to solve the (P)-equation with v, =
v2(8, vy, w); namely,

L(uw = SHWF((S’ U1, U)), (25)
where
L(8, vy, w)(t, x) := g(8, x, v (1, x) + w(t, x) + v2(8, vy, W), x)).  (26)

The solution w = w(§, v;) of the (P)-equation (25) is obtained by means of a
Nash-Moser implicit function theorem for (§, v;) belonging to a Cantor-like set of
parameters.

We consider the orthogonal splitting W = W™ @ W™, where

W — {w ew ‘ w=3" exp(ilt) w,(x)},
[II<Ly

WL — {w cw ‘ w=3" exp(ilr) wl(x)}, @7

[1]>Ly

and L, are integer numbers. (We choose L, = L¢2" with Ly € N large enough.) We
denote by

P,:W— w® and PnL W —> Wt

the orthogonal projectors onto W and W™+,

The convergence of the recursive scheme is based on properties (P1), (P2), and
(P3).

(P1)  (Regularity) T(-,-,-,) € C®([0,80) x BQR; V) x B(L; W N X¢.0), Xo.).
Moreover, DT is bounded on [0, ) x B2R, V;) x B(1; W N Xo.5) for any
keN.

(P1) is a consequence of the C*°-regularity of the Nemitsky operator induced by
g(8, x, u) on X, ; and of the C*-regularity of the map v,(-, -, -) proved in Lemma 2.1.
(P2) (Smoothing estimate) For allw € WML N X, andV 0 <o’ <o, |[w]y s <

e 9T [
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The standard property (P2) follows from

lwi2, = Y expQo’ 1N + Dlwill,

[1]>Ly

= > exp(~2(0 — o) expQo INA + Dllwill,

[l]>Ly

< exp(—Z(O = O'/)Ln)”w”(zy,s-

The next property (P3) is an invertibility property of the linearized operator
L8, v, w) : WP — W defined by

L8, v1, w)h] := Loh — & PyTly Dy, T8, vy, w[h]. 28)

Throughout the proof, w is the approximate solution obtained at a given step of the
Nash-Moser iteration.

The invertibility of %, (8, v;, w) is obtained by excising the set of parameters
(8, v1) for which zero is an eigenvalue of %, (8, v;, w). Moreover, in order to have
bounds for the norm of the inverse operator %, (8, vy, w) which are sufficiently
good for the recursive scheme, we also excise the parameters (8, v;) for which the
eigenvalues of %, (8, vy, w) are too small.

We prefix some definitions.

Definition 3.1 (Mean value)
For Q :=T x (0, ), we define

1
M@, vy, w) := @/ 3,8(8, x, vi(t, x) + w(t, x) + v2(8, vy, W7, x)) dx dt.
Q

Note that M (-, -, -) : [0, 80) X B2R; V1) x B(1; W N X, ) — Ris a C*-function.

Definition 3.2
For 1 < © < 2, we define

q q
inf | 5 14 llo;.. _ ; )
[w]gys = mf{ m, q = 1, o >0, >0, hl‘ € W(l)’ w = ]’li}v
i=0 i=0

where 8 := (2 — 1)/7, and we set [w], s := oo if the above set is empty.

Definition 3.3 (First-order Melnikov nonresonance condition)
LetO <y < 1,and let 1 < t < 2. We define (recall that @ = +/1 + 2s*§7~! and
g = s*8P7 )
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AL (1, w) 1= {6 € [0,60) | oo = | =

14 . M@, vy, w)
e P ey MO0
I+ jr 2j

>

1

<l I<L, j< ZLH}.
le]

14
4+ )
The set A" (v1, w) contains a whole interval [0, 1,) for some 7, > 0 small enough.
(Note that A}'" (vy, w) is defined by a finite set of inequalities.)

Remark 3.1

The intersections of the sets A}'* (v;, w) over all possible (v;, w) in a neighborhood
of zero and over all n contains, for |e|y’1 small, the zero measure, uncountable set
W, ={weR||wl —jl>y/lLVI#j,1>0,j>1},0 <y < 1/6 introduced in
[3] (see Remark 1.4 for consequences on the existence of periodic solutions).

We claim the following.
(P3) (Invertibility of & ,) There exist positive constants u, § such thatif [w], ; < u,
lvillos < 2R, and § € A} (v, w)N[0,8) forsome 0 <y < 1,1 <1 <
2, then %, (8, vy, w) is invertible and the inverse operator &, 18, vy, w) :
W™ — W satisfies
—1 C T—1
1L, (6, vi, wlhllles < ;(Ln) IAllo,s (29)
for some positive constant C > 0.
Property (P3) is the real core of the convergence proof and where the analysis of
the “small divisors” enters into play. Property (P3) is proved in Section 4.

3.1. The Nash-Moser scheme

We are going to define recursively a sequence {w,},>0 with w, = w,(5,v;) €
W®_ defined on smaller and smaller sets of nonresonant parameters (8, v1), A, C
A1 C - C A C Ay :={6,v1) |8 €10,60), llvillos < 2R}. The sequence
(w, (8, v1)) converges to a solution w(d, v;) of the (P)-equation (25) for (8, v;) €
A = ﬂnzl A,,. The main goal of the construction is to show that, at the end of

the recurrence, the set of parameters Ay, := [ ),-; A, for which we have the solution

n>1
w($, vy) remains sufficiently large.

We define inductively the sequence {w,},>0. Define the loss of analyticity y, by

_ )
n24+1’

2 0y =0, On+1 = On — Vns Vn >0,

where we choose yy > 0 small such that the toral loss of analyticity

Yo o . o
;YH = ; (n2 + l) S E, thatls, (o Z 5 > O, Vn
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We also assume
L,:=L¢2", Vn=>0,
for some large integer L specified in the next proposition.

PROPOSITION 3.1 (Induction)

Let Ag :={(5,v1) |6 € [0, &), llvillo.s < 2R}.Thereexists Lo :== Lo(y, 1) > 0,80 :=
go(y, T) > 0, such that for 86’_1)/_1 < &, there exists a sequence {Wy}n>0, Wy =
w,(8, v1) € W™ of solutions of the equation

wan—SPnHWF(& U],wn)z(), (Pn)
defined inductively for (§,v1) € A, C A,_1 € --- C Ay C Ao, where

Ay = {6, v1) € Ay |8 € AT (v, wam))} S Aoy, (30)

w,(8,v1) = Yi_ohi(8,v1), and hi = h;i(8,v1) € W satisfy |lholle,s < |€|Ko,
hillo,.s < lely™! exp(—=x") V1 < i < n for some 1 < x < 2 and some constant
K() > 0.

We define

A = oo A,

Remark 3.2

For a given (8, v;), the sequence (w,) may be finite because the iterative process stops
after wy_1 if § ¢ A" (vy, wi—1), that is, if (8, v) & Ax. However, from this possibly
finite sequence, we define a C*°-map w($, v;) on the whole set Ay (see Lemma 3.3)
and Cantor-like set By, such that Bo, C A, and V(8, v1) € By, w(§, v1) is an exact
solution of the (P)-equation. It is justified in Proposition 3.2 that B, is a large set.
As a consequence also, A is large.

Proof of Proposition 3.1
The proof proceeds by induction.

First step: Initialization. Let Lo be given. If |w —1|Lo < 1/2, then L,y is invertible
and ||L;1h lloo.s < 2010 lloq.5, VA € WO Indeed, the eigenvalues of Ly, wo are —w?’+
jAV0<I<Lyj=>1,j#Iand

. o . 1
=0 + 2| = =0l + jl@l + /) = (1j = 1| = lo = Lo}l +j) = (1= 3).
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By the implicit function theorem, using property (P1), there exist Ko > 0, & :=
e1(y, Lo) > O such that if |e]y~' < &, and Yv; € B(2R, V}), equation (Pp) has a
unique solution wy(4, vy) satisfying

lwo(8, vi)lley,s = Kolel.

Moreover, for 86’_1)/_1 < &0, the map (8, v) — wo(8, vy) is in C®(Ag, W) and
1D wo(8, v1)lleg,s < CC).

Second step: Iteration. Fix some y € (1, 2). Let &5 := &3(Lg, ¥, T) € (0, £1(y, Lop))
be small enough such that

i1+ i\ Qa1
£ max(l,eKoy)Zexp (—x )( )

i>0

< i €1V

where u is defined in property (P3) and 8 := (2 — 7)/7.
Suppose that we have already defined a solution w, = w,(8,v;) € W™ of
equation (P,) satisfying the properties stated in the proposition. We want to define

Wt = Was1 (8, 01) 1= wa(8, v1) + huy1 (8, 01),  har1 (8, v1) € WD,
as an exact solution of the equation
wan+] - 8Pn+]HWF(8’ Ui, wn+1) =0. (Pn-H)

In order to find a solution w,; = w, + h,4; of equation (P,4), we write, for
h e W(11+l),

L,(w, +h)—eP, Iy (S, v, w, + h)
= Low, — &P, [Ty ['(8, v, wy,)
+ Loh — € Py Ty Dy (8, vy, wa)lh] + R(h)
= rn+ ZLn41(8, vi, wo)h] + R(h), (32)
where since w,, solves equation (P,),
ra = Low, — &Py Iy (8, v1, wy) = —e PP, Ty (S8, vy, wy) € WD,
R(h) := —8P,,+11'IW(F(8, v, W, +h) — '@, vi, wy) — DI, vy, wn)[h]).

The term r, is super-exponentially small because, using properties (P2) and (P1),

||rn||(7,,+|,3‘ < le| Cexp(_Lnyn)”PnJrIHWF(S’ Uy, wn)”a,,,s
< le| c’ CXP(—LnVn)||F(5, Uy, wn)”a,,,s
< le| C" exp(—Lnyn) (33)
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being ||w, ||, s bounded independently of n since, by the induction hypothesis,

n oo
lwalls,.s < D hillo,.s <max(1, eKop)lely™ D exp(—x"), (34)
i=0 i=0

with &g := wy. The term R(h) is quadratic in h since, by property (P1) and (34),

IRAs,...s < Clel IR, o 35)
IR(h) — R(W)gs1s =< Clel (Mlloyers + 18 Nlgpprs) 17 =AMl

for all h, h' € WD with ||Al|s, ., s, 17 ]lo,.,.s small enough.
Since w, = Y _qh; with [|h;]l5, s < max(l, eKoy)lely ™! exp(—x"), and o; —
Ont1 = vi = /(1 +i),¥i=0,...,n,

n

Ihill,s lel ;
[wn]o,,H,JS Z Sy max(l, €K0)/)7 Z eXP(‘X’)(

L (07 — o)X/ = £

1+ i2\2c-1/B
)

for |ely~! < & and by (31).
Hence, by property (P3), the linear operator %, (8, vy, w,) : DL, C
Weth . W+ s invertible for (8, v;) restricted to the set of parameters
Appr = {6, v1) € Ay |8 € AT (v1, wp)} € Ay, (36)

and the inverse operator satisfies
—1 C T—1
1L 0108, vi, Wp) ™ Mloys < ;(L,m) , V8, v1) € Apyr. 37)

By (32), equation (P, ) for w,,; = w, + h is equivalent to find h € W"+D
solving

h=—Lu1(8, vi, w)) " (rn + R(D)),
namely, to look for a fixed point
h =%, v, wy, h), heW"D, (38)
of the nonlinear operator

G(S, vy, wy, -) 1 WD 5 wotD

G, vi, Wy, h) 1= =L 18, v, we) " (ra + R()).

To complete the proof of the proposition, we need the following lemma.
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LEMMA 3.1 (Contraction)
There exist Lo(y,t) > 0, eo(Lo, v, T), such that, ¥Yle|y~
%G(5, vi, wy, *) is, for any n > 0, a contraction in the ball

U < g, the operator

n n |8| n
B(onsrs W) = {1 € WO [l 5 = i = exp(=x""),

Proof
We first prove that %(8, vy, w,, -) maps the ball B(p,,; W"*D) into itself.

By (37), (33), and (35),
195, vi, W, Wlors = || Lar1@, v1, wa) ™ (ra + RM)) |

On+1,$

IA

c _
;(an’ "(ralloy,rs + IRy, .s)

!

c )
< (L) (lel exp(—Layi) + lel I]G,.,..)- (9

By (39), if [|hll6,,,.s < Pn+1, then

/

c _
195, vi, Wpy W)llgy,ys < 7(Ln+1>f Hel(exp(—Ln¥n) + Ppi) < Pustls

provided that

| | Pn+1
+ and _(Ln+1) Yons1 <

_(Ln+1) CXP(—LnVn) < )

(40)

N[ =

1

The first inequality in (40) becomes, for p,,; := |e|y ™! exp(—x"*1),

1
C'(Lys1)" " exp(—Lyyn) < 3 exp(—x"t),

which, for L, := L¢2", ¥, := yo/(1 +n?), and Lo := Lo(y, t) > 0 large enough, is
satisfied Vn > 0.

Next, the second inequality in (40) becomes
/| |2 n+1 n+1 1
C— 2 5 (Lo(y, 7)2 ) exp(—x"") < 2
which is satisfied for |8|)/_l < &9(Lg, ¥, T) (< &) small enough, Vn > 0.

With similar estimates, using (35), we can prove that Vi, i’ € B(pp41; WD),

19(8, vi, wa, h') = G(8, vi, W, W)llg,,15 < IIh W lloy s
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again for L large enough and |e|y~! < g9(Lo, y, T) small enough, uniformly in 7,
and we conclude that %(8, vy, w,,, -) is a contraction on B(p,; WD), O

By the standard contraction mapping theorem, we deduce the existence, for Lo(y, T)
large enough and |e|y ~! < eo(Lo, ¥, T), of a unique h,,; € W+ solving (38) and
satisfying

|e]
||hn+l||0'n+1,5 = Pnt1 = ? eXP(—Xn+1)-

Summarizing, w,1(8, vi) = w,(8, v1)+h,41(8, v1)is asolutionin WD of equation
(Pyu41), defined for (8, v1) € Ay € A, C -2 C A C Ap, and w,41(8, v1) =
S hi(8, v1), where h; = hi(8, v1) € W satisfy [|h;|lo,.s < lely ™" exp(—x*) for
some x € (1,2),Vi =1,...,n+ 1, |holls,.s < Kolel. O

Remark 3.3

A difference with respect to the usual quadratic Nash-Moser scheme is that 4,(5, vy)
is found as an exact solution of equation (P,) and not just a solution of the linearized
equation r,, + %Z,+1(8, vy, wy)[h] = 0. It appears to be more convenient to prove the
regularity of 4, (8, v;) with respect to the parameters (§, v;) (see Lemma 3.2).

COROLLARY 3.1 (Solution of the (P)-equation)

For (8,v1) € As = (V20 Ans Xi0hi(8, v1) converges in Xz, to a solution
w8, v1) € W N Xg., of the (P )-equation (25) and ||w(8, vi)|lz/2.s < Clely ™. The
convergence is uniform in Ao.

Proof
By Proposition 3.1, for (8, v1) € Ao 1= ("),20 Ans

o0 o0 o

le] 5
E 123, vD)llz/2,s < E 17 (3, vi)llo;.s < max(1, eKoy) E o exp(—x') < +o0.
i=0 i=0 i=0

(41)

Hence the series of functions w = ) ;.o ki : Ao — W N X532 s converges normally,
and by (41), [|w(8, v1)llz/2.s < Clely ™" with C :=max(1, eKoy) 3,2, exp(—x").

Let us justify the fact that L,w = elly (8, vy, w). Since w, solves equation
(Pn),

Lowy = e P,TIw(8, v1, wy) = eMw (S, vy, wy) — e P TS, vi, wy). (42)

We have, by (P2), (P1), and since o, — (G /2) > y, 1= yo/(n*> + 1),

||P IMwl (8 v )”— < Cexp —L (O ( )) = CCX ( n- + | )
w ) s Wp)llg/2,s = n n = P 0 .
n 1 /2, 2 Y ( % )
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Hence, by (P1), the right-hand side in (42) converges in X5 5 ; to I'(8, v, w). More-
over, since (w,) — w in X5/, (L,w,) — L,w in the sense of distributions. Hence
L,w = ellyT'(8, vy, w). |

3.2. C*-extension
Before proving the key property (P3) on the linearized operator, we prove a
Whitney-differentiability property for w(d, v;) extending w(:, -) in a C*°-way on the
whole Ay.

For this, some bound on the derivatives of &, = w, — w,_; is required.

LEMMA 3.2 (Estimates for the derivatives of 4, and w,,)

For gy = 85_1)/’1 small enough, the function (8,v)) — h,(8,v)) is in

C>®(A,, W™), VYn > 0, and the kth-derivative D*h,(8, v;) satisfies
1D (8, v1)llo,.s < K1k, X)" exp(=x") (43)

for x € (1, x) and a suitable positive constant K(k, x), Vn > 0.
As a consequence, the function (8,v1) — w,(8,v1) = Y i qhi(8,v1) is in
C*®(A,, W™), and the kth-derivative D*w, (8, v,) satisfies

| D w, (8, vi)llo,.s < Ka(k) (44)

for a suitable positive constant K, (k).

Proof
By the first step in the proof of Proposition 3.1, ko = wy depends smoothly on (8, vy),
and || D*wo(8, v1)llop.s < C(K).

Next, assume by induction that i, = h,(8, v;) is a C*°-map defined in A,. We
prove that /1,11 = h, (8, vy) is C* too.

First, recall that 4,1, = h,4+ (5, v1) is defined, in Proposition 3.1, for (8, v;) €
A,41 as a solution in W+D of equation (P, ); namely,

Un1(8, v1, hps1(8, v1)) = 0, (Pus1)
where
Ul’l+1(8s vy, h) = Lw(wn + h) - 8Pn+ll_[WF(8’ V1, Wy + h)

We claim that D, U, (6, v, hpt1) = Ln+1(6, v1, wy,y1) is invertible and

/

_ C
| (DU 418, v1, hus1)) IH(,”H,S = L1, V1, Wap ) lopyrs < 7(L,1+1)T_1-
(45)
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Now equation (P,+1) can be written as & + ¢,+(8, vy, h) = 0, where
Gn+1(8, v1, 1) = (A) ' [Low, — (@° + Dhy — e Py Iy DS, v1, w, + A)].

The map g1 : [0,80) x Vi x WD — Ww+h jg ¢ and the invertibility of
L1068, v1, wy41) implies the injectivity and, hence (noting that Dy q,+1(8, vy, Ayy1)
is compact), the invertibility of I + Djg,+1(5, v, h,+1). As a consequence, by the
implicit function theorem, the map (8, v;) > h,41(8, v1) is in C®(A, 4, WD),
Let us prove (45). Using (P1) and [[wst — walloys = Wintillopns <

lely " exp(—x"*"), we get
||gn+1(5, V1, wn+1) - gn-&—l(a’ V1, wn)”(r,,ﬂ,s
= ”8Pn+1HW(DwF(8s U1, wnJrl) - DwF(87 vy, wn)) ”UHIJ
2
€ n+1
< Cle| lhnsillo,s < C7 exp(—x""). (46)
Therefore

Lp1(8, vi, Wyp1)

= Lo v, w1+ L1 B, v w) ! (Lasr 6, v, wae) = Lona B, v w)) | @D

is invertible whenever (recall (37), (46))

-1 ¢ 18 n+1
T C TR S CATATS) | IR (G SO
Op+1,8
1
-, 48
<3 (48)

which is true, provided that |8|y’1 is small enough, for all n > 0. (Note that

(Lpp)™ ' = (Lo2"H)™ ! « exp(x"*!) for n large.) Furthermore, by (47), (37),
and (48), estimate (45) holds.

We now prove in detail estimate (43) for k = 1. Differentiating equation (P,41)
with respect to some coordinate A of (8, v;) € A,+1, we obtain

L3108, v1, Wi )0 11 (8, V)] = —(,.Uns1)(8, v1, hut1 (8, v1)), (P.)
and therefore, by (45),

C _
||akhn+1 ||(7,,+1,s = ;(Ln-ﬁ-l)r ! ”(8)\ Un+1)(5’ vy, hn+1)”o'n+1,s~ (49)

To estimate the right-hand side of (49), first notice that since w,, = w,(§, v;) solves

Low, = 8PnHWF(89 U1, wn)a V(S, vl) € Any
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we have
Un+1(89 vy, h) = La)h + S(PHHWF((Ss V1, wn) - P}’I+IHW1—‘(8? V1, Wy + h))

Let us write

(0. Un41)(8, v1, h) = (3.Un41)(8, v1, 0) +7(8, v1, h), (50)
where

.Un )8, v1,0) = (P, — Pos )y, [6@)T (8, v1, wa(8, v1)) ]
= —& P, P Ty [(0:.T)(S, v1, wy) + (8, TS, vi, wy)[03w,]]
— 0,(¢(8)) P Pui Iw (8, vy, wy) (51)

and
r(89 Uls h) = _‘C’\PI’H—IHW[(B)LF)(Ss vl7 wn + h) - (alr)(Sv vls wn)]
— &Py 1 Ty [(0,T)(S, v1, wy + h) — (8,18, v1, wy)[Bw,]
+ 3. (La@yh) + 3, (6(8)) Puri T (TS, v1, wa) — TS, v1, wy + h)),
(52)
with 3 (Lsyh) = 0, 35 (e(8)) = 0 if A # & and
3(Luh) = —=2(p — D8"hy,  05(2(8)) = (p — 1672, (53)
By (P1), (34), (52), and (53), for h € W +D),
178, vi, Wlloy,rs < Clel IRlloy,,s(1+ 18Walloy,, ) + CLE Mkl s (54)

We now estimate (9, U, +1)(8, v, 0). By (51) and properties (P2), (P1),

1001 Un41)(8, vi, 0)lo,,,.s
< exp(—Luya)[ 11102 T)(8, vi, wy) + (@ T)(G, v1, w)[rwallle, s
+IT, vi, wa)llo, ]
< Cexp(—=L,y)(1 + 10, wnll6,,5)- (55)

Combining (49), (50), (54), (55), and the bound [[,1lls,.,.c < lely " exp (—x"*1),
we get

C T |8| n
1955 = (L) (0 XPO=X") o+ exp— L)) (L + 1300, )

@ exp-TH(1+ D 1Al ) (56)

i=0

IA
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for any ¥ € (1, x). By (56), the sequence a,, := ||0yh, |4, s Satisfies
ag<C and  aup < CX) exp(—=x" (L 4+ ag+ - +ay),
which implies (by induction)
10,70 ll6,.s = an < K(X)" exp(=x"), Vn =0,

provided that K (() has been chosen large enough. We can prove in the same way the
general estimate (43), from which (44) follows. O

Since, by (43), h,,(8, v;) = O(ey ' exp (")), and the nonresonant set A, is obtained
at each step by deleting strips of size O(y/L}), we can define (by interpolation, say)
a C*-extension w(8, vy) of w(s, vy) for all (8, v) € Ay.

Let

. 2v
dist((8, v1), 0A,) = —} C A,

A, = {(3, v) € A,

=W

1

where vy~ > 0 is some small constant to be specified later (see Lemma 3.4).

LEMMA 3.3 (Whitney C*°-extension W of w on Ag)
There exists a function W(8, vi) € C®(Ag, W N X5)2.5) satisfying

~ le] ki~ Ck)
lw, vllz/2,s < 7C, ID*w(S, v)llz/2s < " V(8, v1) € Ao, Yk > 1,
(57
for some C(k) > 0, such that
Y(,v) e 7\00 = m OZ{n, w(8, vy) solves the (P)-equation (25).
n>
Moreover, there exists a sequence w, € C*(Ay, W(”)) such that
Ba(8, v1) = wy (8, v1),  V(8, v) € Ay, (58)
and
~ ~ le|]C ~n
lw(, vi) — wy (3, v)llz/2s < - exp(—x"), (59
C(k)

ID*W(S, v1) — DXa(8, v)llz/a.s < ”: exp(—x"), V(,v1) € Ag, (60)

for some ¥ € (1,%).
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Proof
Letp : R x V] — R, be a C*-function supported in the open ball B(0, 1) of center O
and radius 1 with fRle ¢ dp = 1. Here u is the Borelian positive measure of R x V;
defined by u(E) = m(L~'(E)), where L is some automorphism from R¥*! to R x V,
and m is the Lebesgue measure in RV*!,

Let ¢, : R x Vi = R, be the mollifier

L3\N+1 /I3
Pn(h) := (—”) w(—”l)
v v
(here A := (8, v1)), which is a C*°-function satisfying

supp ¢, C B<0, %) and / ndp = 1. (61)
L, RxV;

n

Next, we define ¥, : R x V| — R, as

V(L) := (@n * xa:)(X) = / On(A — 1) xa:(m) du(n),

RxV;

where x4: is the characteristic function of the set

A = {A = (5, v)) € A, | dist(r, 34,) > %} C A,
namely, xa:(1) ;= Lif A € A}, and xa: (1) :==0if A ¢ A.
The function v, is C*°, and Vk € N,VA € R x Vi,
D0l = | [ D40, = ) g it
RxV,
L3Nk L3N+ L3
5/ (52) (52) ™ 0o (220~ ) duatm
Rxv, |\ v v v
L3\k L3Nk
= (=) [ inteld = (1) e (62)
v RxV, v

where C(k) := fRXVI | D*¢| d . Furthermore, by (61) and the definition of A} and
An»

0<vy,(A) <1, suppy, CintA, and Yv,(A) =1 ifAr e Zn.
Finally, we can define w, : Ag — W® by

o) == woh),  Wep1 () 1= W) + Ay () € WOHD,
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where

Wn+l()”)hn+l()‘) if A € Al’l+17

%,, A) =
+1( ) {0 if}‘¢An+l7

is in C*®(Ag, WD) because supp ¥, C int A, and, by Lemma 3.2, h,,| €
C*®(Apy1, WD), Therefore we have

Bu(r) =Y hi(A), Wy € C(Ag, W),
i=0

and (58) holds.
By the bounds (62) and (43), we obtain Yk € N, VA € Ay, Vn > 0,
~ le|K —n
1An+1(Mlo,ys < exp(—x").
~ L3 Nk _ K (k) -
1004105 = €l T (L) exp(=3") < == exp(—7")

vk

forsome 1 < ¥ < ¥ and some positive constant K (k) large enough. As a consequence,
the sequence (w,) (and all its derivatives) converges uniformly in Ao for the norm
| ll7/2,s on W, to some function w(8, v;) € C*(Ag, W N X5/» ;) which satisfies (57),
(59), and (60).

Finally, note that if ¢ A :=[1),~( An, then the series W(A) = >, .| .0 is
a finite sum. On the other hand, if A € Ay 1= M=o A,, then W(L) = w(X) solves the
(P)-equation (25). - O

Remark 3.4
If (8, v1) € Aw, we claim that W(8, vy) solves the (P)-equation up to exponentially
small remainders. There exist @ > 0, §o(y, T) > 0 such that VO < § < §o(y, 1),

| Lo, v1) — eTy T (8, v1, BG, v) |, 4, < ')i—|exp <_i).

Since we do not use this property in the present article, we do not give here the proof.

3.3. Measure estimate
We now replace the set A with a smaller Cantor-like set B, which has the advantage
of being independent of the iteration steps. This is more convenient for the measure
estimates required in Section 5. (This issue is discussed differently in [11].)

Define

B, :={(,v1) € Ao |8 € AT (v1, W, v1)) ). (63)
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where we have replaced y with 2y in the definition of A}"" (see Definition 3.3).
Note that B, does not depend on the approximate solution w,, but only on the fixed
function @.

LEMMA 3.4

Ifvy=' > 0and |e|y~!

are small enough, then
B, C A,, Vn=>0.

Hence Boo = (= B, C As C Ao, and so if (8,v1) € By, then w(8, vy) solves
the (P)-equation (25).

Proof
We prove the lemma by induction. First, By C Zo. Suppose next that B, C Zn holds.
In order to prove that B, C Zn+ 1, take any (8, v1) € B,+1. We have to justify that
the ball B((8, v1), 2v/L}. ) C Anyi.

First, since B, C B, C Z,,, 6,v) € Zn. Hence, since L, > L,, B((3, vy),
2v/L3. ) C A,.

Let (8',v})) € B((, vl),2v/L,31+l). Since (8, v;) € Zn, we have w,(8,v;) =
w,(8, v1). Moreover, by (44), | Dw,llz2,s < C. By (59), we can derive

lwa (&', v}) = W, v)ll/2,s

< lw, (8, v) — wa (8, V) llz/2,s + w8, vi) — WS, V)5 2.

20C  Cle] -
=77 + —— exp(=Xx").

Hence, by (63), setting ' := /1 +2(8)?~! and &' := (§')?~! (for simplicity of
notation, suppose that s* = 1),

! / / /
Wi M0 vl»‘

2j
M8, vy, 0(5, c 2 -
> ol —j—¢ (Gl vl))(—l S RCL LA) L
2j Ly L, 4
2 C 2 ~
> 2 C ol gy
d+° Ly, 14 I+ j)r

forall 1/3|e| <l < Ly41,1 # j, j <2L,4+1, whenever

4 v leP -
Gy 2 oty o) o
n n+
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Formula (64) holds true, for |£|y‘1 and vy‘l small, for all n > 0, because T < 2 and
lim, o L}, exp(—x") = 0. It results in B((8, vy), 2v/L,31+1)) C Apyr. O
Up to now, we have not justified the fact that

B, C 7100 C A (65)

are not reduced to {§ = 0} x B(2R, V). It is a consequence of the following result,
which is applied in Section 5.

PROPOSITION 3.2 (Measure estimate of By,)
Let 771 :[0,80) = Vi bea Cl-function. Then

. meas{d € [0, n) | (§, 7 1(8)) € Bxo}

=1. 66
m, , (66)

Proof
Let 0 < n < §. Define

Cry =18 €(0,n)|(8,7103)) € B} and Dy =0, D\Cy, .-

By the definition By := [,
Theorem 3.1, where for simplicity of notation, we suppose that s* = 1),

B, (see also the expression of B, in the statement of

SP_lm(S)’ 2y
<
2j

Dy =[5 O.m)||0®) - j - T

2 1
or ‘w(é)l—j‘ <3 +Vj)T forsomel, j > ==, 1 # ] }
where m(8) :== M (8, 7"1(8), W(8, 7"1(8))) is a function in C'([0, &), R) since W(:, -)

isin C*(Ag, W N X5,25)) and ¥y is C'. This implies, in particular,

Im(®)| + |m' )| < C, Vée [o, %0] 67)

for some positive constant C.
We claim that for any interval [§,/2,8,] C [0,7n] C [0, d0/2], the following
measure estimate holds:

) )
meas(@yw N [51 81]) < Kl(t)yn(”_l)“_l)meas([%, 81]> (68)

for some constant K;(t) > 0.
Before proving (68), we show how to conclude the proof of the proposition.
Writing (0, ] = UnZO [n/2"+!, /2"] and applying the measure estimate (68) to any
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interval [6,/2, §;] = [17/2”“, n/2"], we get
meas(Z,., N [0, n]) < Ky (x)yn?~" "y,

whence lim,_, o+ meas (¢4, , N (0, n))/n = 1, proving the proposition.
We now prove (68). We have

%mﬂ[i ]C U 2560, (69)

(Z,j)elr
where
21,150 = {8 € [5—1,51] [Jwor—j - = (8)\ (,ﬂ)f
or ‘w(&)l - ]‘ 0 +VJ)T}
and
- {(z, j)‘l > ?, l;éj, €1 —cos?™ 1+c08{’“]}.
1

(Indeed, note that 2 ;(6;) =¥ unless j/I € [1 —co(Sf_l, 1+c05f_1] for some constant
co > 0 large enough.)
Next, let us prove that
Y

meas(Z,;(8,)) = O(W). (70)
Define f;;(8) := w(@) — j — (87" 'm(8)/2j) and & ,(81) := {8 € [81/2, 1]
| f1,;(®)] < 2y/( + j)T}. Provided that §; has been chosen small enough (recall that
J 1= 173807,

(p—18"2  (p— 16" mB)  5"'m'(6)

195 /1;(8)] = . .
5 Jij 142871 2j 2j
— p—2 _ p—2
=13 (l B £> o (p—1)3 l’
- 2 i’ = 4

and therefore |95 f;;(8)| = (p — 1)8{)_21/21’ for any § € [8;/2, 8;]. This implies

4y

meas(S};(8))) < S X ( 1/251 |35f1](5)|)
4 2r
< y. X — = 0(%)
I+ (p—1nisk [r+1?
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Similarly, we can prove

meas(ic? € [%1, 31] @) — jl < a j_yj)r }) - 0(@)’

and the measure estimate (70) follows.

Now, by (69) and (70) and since, for a given [, the number of j for which (/, j) € I
is 08771,

S — 14
meaS(@w‘l,n n [31’51]> < Z meas(Z;,(81)) < C Z 8771 x Jerigr 2
(.j)elr 1=1/3877" !

< Kooy 7Y,

whence we obtain (68) since 0 < §; < 7. O
We summarize the main result of this section as follows.

THEOREM 3.1 (Solution of the (P)-equation)

For 8y := 8o(y, t) > 0 small enough, there exist a C®°-function w : Ag := {(8, v1) |
8 €10,80), llvillo,s < 2R} — W N X525 satisfying (57), and the large (see (66))
Cantor set

M((S’ V1, 17)(8, U])) > 2)/

B :={5, A :‘ S — j — s*sP~! ,
o0 (6,v1) € Ag : |@(B) — j —s 2 =057

o) - j| = 1#)}c A

S A P
I+ 3501
where w(8) = /1 + 2s*8P=1 and M (8, vy, w) is defined in Definition 3.1 such that

V(8,v1) € By, wW(8,vy) solves the (P)-equation (25).

4. Analysis of the linearized problem: Proof of (P3)
We prove in this section the key property (P3) on the inversion of the linear operator
Z,(8, vy, w) defined in (28).

Throughout this section we use the notation

T
Fp = {f e Hl (0, 7):R) ‘ / F(x)sin(kx) dx = 0} = (sin(kx))*,
0
whence the space W, defined in (6), is written as

= {h =3 exp(iki)hy € Xo,
keZ

hy=h_y. h € Fp, Vk € Z}
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and the corresponding projector [Ty : X, — W is

(TMwh)(t, x) = Z exp (ikt)(mwhi ) (x), (71)
keZ
where 7 @ HJ((0, 7); R) — Fy := (sin(kx))" is the L*-orthogonal projector onto

Fy,

2 (" . .
(i )x) == f(x) — (—/ f(x) sin(kx) dx) sin(kx).
T Jo
Note that w_; = ;. Hence, since hy = h_y, mphy = m_ih_y.

4.1. Decomposition of £ ,,(8, vy, w)
Recalling (26), the operator Z,,(8, v, w) : D(Z,) C W™ — W® ig written as

Ln(8, v1, w)lh]
:= L,h — e P,TTyy D, T(8, vy, w)[h]
= L,h — EP,,I'IW(Bug((?, X, v +w + 0208, vy, w))(h + 3, v2(8, vy, w)[h]))
= Loh — e P,Tly (a(t, x) h) — e P, Iy (a(t, x) 9,v2(8, vy, w)[h]), (72)

where, for brevity, we have set
a(t, x) := 9,8(8, x, vi(t, x) + w(t, x) + v2(8, vy, W), x)). (73)

In order to invert ., it is convenient to perform a Fourier expansion and represent
the operator .#,, as a matrix, distinguishing a diagonal matrix D and an off-diagonal
Toepliz matrix. The main difference with respect to the analogue procedure of Craig
and Wayne [11] and Bourgain [7] is that we develop ., only in time-Fourier basis
and not also in the spatial fixed basis formed by the eigenvectors sin(jx) of the linear
operator —d,,. The reason is that this is more convenient to deal with nonlinearities
f(x, u) with finite regularity in x and without oddness assumptions. Each diagonal
element Dy is a differential operator acting on functions of x. Next, using Sturm-
Liouville theory, we diagonalize each Dy in a suitable basis of eigenfunctions close,
but different, from sin jx (see Lemma 4.1, Corollary 4.1).

Performing a time-Fourier expansion, the operator L,, := —?>d,; 4y, is diagonal
since
Lw< 3 exp(ikt)hk) = 3" exp(ikn)(@k® + )y (74)
|k|<L, |k|<L,

The operator h — P,I1y(a(t, x) h) is the composition of the multiplication operator
for the function a(z, x) = ), exp(ilt)a;(x) with the projectors Iy and P,. As usual,
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in Fourier expansion, the multiplication operator is described by a Toepliz matrix

a(t,x) h(t,x) =Y exp(ilt)a_(x)h(x)

|k|<Ly,l€Z

and, recalling (71) and (27),

Py (a(t,x)h) = Y explilt)m (ai(x)hy)

kI, 1[|I<L,
= > explik)m(aoh) + Y expllim(ai_ihy), (75)
[k|<Ly, k|, |l|<L, ksl

where we have distinguished the diagonal term

> exp(ikt)m (ao(0)hi) = PuTly (aox) h), (76)
|k|<Ln

with ag(x) := (1/(27)) fozﬂ a(t, x)dt, from the off-diagonal Toepliz term

> explilomlaihi) = P,y (a(t, x) h), (77)
kI, 111 <Ly kL

where
a(t,x) :=a(t,x) — ap(x)

has zero time-average.
By (72), (75), (76), and (77), we can decompose

Dgﬂ(avvhlu): D_’ﬂl —ﬂ2,
where D, ./, #, are the linear operators

Dh := L,h — e P,Tly (ao(x) h),
Mh = g P,Tly (a(t, x) h), (78)
Moh = e P,Tly (a(t, x) 3,v2[h]).

To invert ., we first (step 1) prove that, assuming the first-order Melnikov
nonresonance condition § € Al;"(vy, w) (see Definition 3.3), the diagonal (in time)
linear operator D is invertible (see Corollary 4.2). Next (step 2), we prove that the off-
diagonal Toepliz operators .# | (see Lemma 4.8) and .#, (see Lemma 4.9) are small
enough with respect to D, yielding the invertibility of the whole .%,,. (Note that we
do not decompose the term .# in a diagonal and off-diagonal term.) More precisely,
the crucial bounds of Lemma 4.5 enable us to prove via Lemma 4.6 that the operator
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|D|='2.4/,|D|~"/? has a small norm, whereas the norm of |D|~'/2.#,|D|~"/? is
controlled thanks to the regularizing properties of the map v;.

4.2. Step 1: Inversion of D
The first aim is to diagonalize (both in time and space) the linear operator D (see
Corollary 4.1).

By (74) and (76), the operator D is yet diagonal in time-Fourier basis, and
VY h € W®, the kth time Fourier coefficient of Dh is

(D) = (@°k* + 0x)hic — emi(ao(x)hi) = Dihy,
where Dy : Z(Dy) C Fy — Fy is the operator
Diu = 0*k*u — Spu and S := — 0 U + 71y (ao(x) u)

Note that Sy = S_;.

We now have to diagonalize (in space) each Sturm-Liouville type operator S; and
study its spectral properties.

In Lemma 4.1 we find a basis of eigenfunctions vy ; of Sy : Z(Sx) C Fy — Fy
which are orthonormal for the scalar product of F,

(u, v)e 1= f U, Vy + cap(x)uv dx.
0

For |e|lagleo < 1, {, ) actually defines a scalar product on Fy, C HO1 (0, 7); R), and
its associated norm is equivalent to the H'-norm defined by ||M||12L,1 = fon u)zc(x) dx
since

el (1 — lel laoloo) < llull? < Nuell3 (1 + lel laoloo), Vit € Fi. (79)

Formula (79) follows from* [J" u(x)*dx < [ ux(x)*dx, Yu € H}(0, ), and
T T
’/ sag(x)uzdx‘ < le| |a0|oo/ udx.
0 0

LEMMA 4.1 (Sturm-Liouville)
The operator Sy : 2(S;) C F, — F; possesses a (,).-orthonormal basis
(k. j)j=1, k| Of eigenvectors with positive, simple eigenvalues

0< )"k,l << )‘k,|k\—1 < )\k.\kl-i—l < o000 & )\k,j < ---  with jli?;o)‘k’j = +00

and )\k,j = A«fk,j’ V_k,j = VUk,j-
Moreover, (vi.;)j=1.j2k is an orthogonal basis also for the L*-scalar product
in Fk.

*This is because the least eigenvalue of —d,, with Dirichlet boundary conditions on (0, ) is 1.
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The asymptotic expansion as j — +o00 of the eigenfunctions ¢ ; = vi j/
lv,jllz2 of Sk and its eigenvalues Xy ; is

2 &
o0 = ZsinGm)| | = o(10)
T 2 ]

and

3||a0.||H1)’ (80)

Mej = M (8, v, w) = j2+ M, vy, w) + 0( ;

where M (6, vy, w), introduced in Definition 3.1, is the mean value of ap(x) on (0, 7).

The proof of this lemma is in the appendix. We note that we do not directly apply
some known result for Sturm-Liouville operators because of the projection .

By Lemma 4.1, each linear operator Dy : 2(Dy) C Fy — Fj possesses a (, )-
orthonormal basis (vk,;)j>1, ;. of real eigenvectors with real eigenvalues (w?*k? —
M) jz 14K

As a consequence, we have the following.

COROLLARY 4.1 (Diagonalization of D)
The operator D (acting in W™) is the diagonal operator diag{w*k* — A ;} in the
basis {cos(kt)py ;3 k>0, j > 1, j #k} of W™,

By Lemma 4.1,

min |w’k* — Ak, jl = +00 as j — +o00,
|k|<L,
and so, by Corollary 4.1, the linear operator D is invertible if and only if all its
eigenvalues {w*k? — Ag j}k<L,.j>1. 2k are different from zero.
In this case, we can define D! as well as |D|~!/2 : W® — W® by

|D|"?h = Z exp (ikt)| Dy~ *hy,  Vh = Z exp (ikt)hy,
[k|<L, |k|<L,

where |Di|~'/? : F, — Fy is the diagonal operator defined by

Uk, j

-1/2
1D ™oy = =
|a)2k2 _A.k!jl

» Yjiz1, j# Ikl 81

The “small denominators” problem (i) is that some of the eigenvalues of D,

w*k* — X j, can become arbitrarily small for (k, j) € Z* sufficiently large, and

|—1/2

therefore the norm of | D can become arbitrarily large as L, — oo.
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In order to quantify this phenomenon, we define for all |k| < L,,,

o = min |w’k> — Al (82)
J#Ik|

Note that o_; = .

LEMMA 4.2
Suppose that ay, # 0. Then Dy, is invertible and, for € small enough,

2
1Dl ™ ull g < —=lull g1 (83)
%k

Proof
For any u = Z‘#'kl ujvg; € Fy, by (81), and using the fact that (v ;);-x is an
orthonormal basis for the (, ), scalar product on F,

2

v
1Del ™ 112 L L B
k] w2k2 )"k
Iull
_Z|w2k2 )\k|—_2|f| :
J#Ik| J k|
Hence, since by (79) the norms || - || and || - |4 are equivalent, (83) follows (for ¢
small enough). a

The condition oy # 0, V|k| < L,, depends very sensitively on the parameters (3, v).
Assuming the first-order Melnikov nonresonance condition § € Al (v, w) (see
Definition 3.3) with T € (1, 2), we obtain, in Lemma 4.3, a lower bound of the form
cy/lk|*"! for the moduli of the eigenvalues of Dy (namely, o > cy/|k|*~") and,
therefore, in Corollary 4.2, sufficiently good estimates for the inverse of D.

LEMMA 4.3 (Lower bound for the eigenvalues of D)
Thereis c > 0 such thatif § € A" (vy, w)N[0, 8) and 8y is small enough (depending
ony), then

G
o ;= min |o’k® — A jl > —— Cr

Jz1 i >0 YO<Ik =L (84)

Moreover, ay > 1/2.
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Proof
Since o = o, it is sufficient to consider k > 0. By the asymptotic expansion (80)
for the eigenvalues Ay ;, using that [|agl g1, |M (3, vi, w)| < C,

|0k — ag ;| = k2 — j2 — eM(8, v, w) + 0(8”6’0”’1‘)’

= (wk—\/j2+sM(8, vy, w))(wk—}—\/jZ—l—sM(S, vy, w))—{—O(léj—,')’

M8, vy, 2
> wk—j—eu—i—O(%)‘wk—CEl
2j J: J
. MG, v, w) €%k el
za)k—J—e—.‘a)k—C<,—%+—,>
2j J: J
k 2k
S ) (85)
(k+ j)r J J

since § € A} (v1, w). If o := minj>1 jx |w?k* — Ag ;| is attained at j = j(k) (i.e.,
o = |w?k* — At j1), then |wk — j| < 1 (provided that |¢| is small enough). Therefore,
using that | < 7 < 2 and |@w — 1| < 2|¢|, we can derive (84) from (85), for || small
enough. O

COROLLARY 4.2 (Estimate of |D|~'/%)
If § € A" (v, w) N[0, 8) and 8 is small enough, then D : (D) C W™ — W
is invertible and, Vs’ > 0,

_ c .
DI~ 2hllsy < ﬁ||h||g,y+(t_wz, Yh e W™, (86)

Proof
Since |D|~"/?h = > ki<L, exp(ikt)| Dy |~/ hy, we get, using (83) and (84),

DI 2RI, = D expQolk(L + k) Del ™Ayl

o,s’
[k|<Ly

IA

2s’ 4 2
> expo k)1 + k%) — [l |13
K<L, .

|k|(r—1)

IA

8llholz +C Y expQolk)(1 + k™)
O<|k|=Ly

?
Akl g

IA

’
2
? ”h ”a,s’+(r—1)/2’

proving (86). O
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4.3. Step 2: Inversion of £,
To show the invertibility of £, : W™ — W it is a convenient device to write

Ly =D — .y — My =|D|"*(U — 2 — %,)|D|'?,
where
U:=|D|""?D|D|”'?> = |D|"'D
and
R; = |D|”V2u; D7V, i=1,2.

We prove the invertibility of U — £, — %, showing that, for ¢ small enough, #, and
R, are small perturbations of U.

LEMMA 4.4 (Estimate of |[U™!|))
U: W™ — W% s an invertible operator, and its inverse U~ satisfies, Vs’ > 0,

IU " Rllos = Ihllos (1 + OCellaoliyn)), Yh e W™. (87)

Proof
Since Uy := |Dy|~'Dy : F, — F; is orthogonal for the (, ), scalar product, it is
invertible and Yu € Fy, ||U,;1u||€ = ||lul|.. Hence, by (79),

Vu € Fr, U ullgr = llulle(1 + OCellaolimn))-

Therefore U = |D|~'D, defined by (Uh), = Uihy, VY |k| < L,, U is invertible,
(U™'h) = U 'y, and (87) holds. O

The estimate of the off-diagonal operator Z; : W™ — W requires a careful analysis
of the “small divisors” and the use of the first-order Melnikov nonresonance condition
8 € A" (v, w) (see Definition 3.3). For clarity, we state such a property separately.

LEMMA 4.5 (Analysis of the “small divisors”)
Let § € Al (v, w) N[0, 8) with 8o small. There exists C > 0 such that, VI # k,
1 Ik — [[2G-1/8 21

< where 8 :=
ooy y2el=t 7 T

(88)

Proof
To obtain (88), we distinguish different cases.
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First case: |k — 1| > (1/2)[max(|k|, [I]P. Then (aroy)™' < Clk — 1|2*=V/B /)2,
Indeed, we can estimate both ay, o; with the lower bound (84), a > cy/|k|77!,
o; > cy/|l|*~. Using the fact that 0 < B < 1, we obtain

—1j717—1 2(z—1) _]12@=D/B
A NV e
14 14

ooy y?

In the other cases, we have 0 < |k — | < (1/2)[max(|k|, |/|)]?. We observe that in this
situation, sign(/) = sign(k), and to fix the ideas, we assume in the sequel that /, k > 0.
(The estimate for k, I < 0 is the same since ooy = o_ra_;.) Moreover, since § < 1,
we have max(k,l) =korl — k < (1/2)1/3 < (1/2)l. Hence [ < 2k; similarly, k < 2.

Second case: 0 < |k — 1| < (1/2)[max(|k|, |{|)]? and (k| < 1/3|e| or |I| < 1/3]e]).
Then (axoy)~' < C/y. Suppose, for example, that 0 < k < 1/3|e|. We claim that if
¢ is small enough, then oy > (k + 1)/8. Indeed, Vj # k,

lwk — jl = ok —k+k—jl=lk—jl—lo—1]kl =1=2lg| k =

Q| =

Therefore V1 < k < 1/3|e|, Vj # k, j > 1, |0*k? — j?| = |wk — j]| |wk + j| >
(wk +1)/3 > (k+ 1)/6, and so

. . . ella
oy = min |a)2k2—)»k.j| = min a)zkz—]z—sM(S,vl,w)+0< I O,HHI)‘
J=Lk#]j J=Lk#]j

k+1 k+1
>L—|8|CZL
6 8

Next, we estimate o;. If 0 < [ < 1/3|¢|, then oy > 1/8 and therefore (czo)~! < 64.
If I > 1/3|¢|, we estimate «; with the lower bound (84), and so, since [ < 2k and
l<1t<2,
1 1 c’ c’
- < < —

<C < < .
ooy ky —k*Ty Ty

In the remaining cases, we consider |k —I| < (1/2)[max(|k]|, |/|)]? and both |k|, |I| >
1/3|e|. We have to distinguish two subcases. For this, Vk € Z, let j = j(k) > 1 be
an integer such that o := min, 4y |0?k* — Al = |@*k> — A ;|. Analogously, let
i = i(k) > 1 be an integer such that o; = |w?1> — A;;].

Third case: 0 < |k — 1| < (1/2)[max(|k|, [ID1?, |k|, |I| > 1/3|e|,and k —1 = j —i.
Then (aroy)~' < C/yle|™!. Indeed, |(wk — j) — (0l —i)| = |wk — 1) — (j —i)| =
|lw — 1||k — 1| > |e|/2, and therefore |wk — j| > |e|/4 or |wl — i| > |e|/4. Assume,
for instance, that |wk — j| > |e|/4. Then |w?k? — j?| = |wk — j| |wk + j| > |e|wk/
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2 >|e|(1 — 2|e|)k/2, and so, for & small enough, |ox| > |e|k/4. Hence, since [ < 2k
and k > 1/3]¢],

1 7! C C
< C < < .
aky —  ylelk T yk> el T oylelt!

Fourth case: 0 < |k — 1| < (1/2)[max(k,)?, k, 1 > 1/3|e|,and k —1 # j —i. Then
(axe;)~' < C/y?. Using the fact that  is y-7-Diophantine, we get

: . .. 14 Cy Cry v
k—j) — (wl—i)| = |otk —1) — (j=i)| = > >_(_ _),
(@h=)) = @i=)| = lo(k =) = (DI 2 7 2 o 2 2 (3 i
so that |wk — j| > Cy/2kP™ or |wl —i| > Cy/21PT. Therefore |w?k* — j?| >
C'yk'=P* = C'yk™ ! since B := (2 — 1)/7. Hence, for & small enough, oz >
C ’yk”l /2. We estimate o; with the worst possible lower bound, and so, using also
| < 2k, we obtain
1 cr! C
P 2

< —— .
ooy~ ykTTl Ty

Collecting the estimates of all the previous cases, (88) follows. a

Remark 4.1

The analysis of the “small divisors” in the second, third, and fourth cases of
Lemma 4.5 corresponds, in the language of [11], to the property of separation of
the singular sites.

LEMMA 4.6 (Bound of an off-diagonal operator)

Assume that § € A" (vy, w) N[0, 8), and let, for some s’ > s, b(t, x) € Xo s 4—1)/8
satisfy bo(x) = 0, that is, let fozn b(t,x)dt = 0, Vx € (0, ). Define the operator
T, : WO — W® py

T,h = |D|”2 P, Iy (b(z, x) |D|~'/?h).

There is a constant C, independent of b(t, x) and of n, such that

1 Thlloy < 161l +c—1y/8 1B llosrs  Vh € W™,

|8|(‘r—l)/2y

Proof
For h € W™ we have (T,,h)(t, x) = Z|k|§L,,(T”h)k(x) exp(ikt), with

(Th = 1DuI™ e |DI™ 20y = 1D P 32 bl DI 2] (89)

[[|<Ln
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Set B, := ||by(x)]|| g1 - From (89) and (83), using the fact that By := ||bo(x)| g1 = O,

(Thllgr <C 1] g (90)
X

Hence, by (88),

C
(Tl < RCEAS where s¢ := » Belk — [Pl O1)

[l|<Ln

By (91), setting 5(r) := )y <, Sk exp (ikt) (with s_x = s¢),

IThl2y = Y expQolkDK> + DI(Tuh)l,

[k|<L,
c? c?
= T —— Z exp Qo |k)(k* + + 1)s2 = —2|8|f*1 ||s||(2m,. (92)
Ik|<L,

It turns out that 5 = P,(b¢), where b(t) := Y., I|™""/# Byexp(ilt) and &(r) :=
lelﬁLn |2, || 1 exp(ilt). Therefore, by (92) and since s > 1/2,

C ~ ~ =
1 T0hllos < Wllbdlm/ = Wllbllg,ylldla.y

< —— 1bllos+a—nyplitlles
= —D/2 o,8'+(t—1)/B o,
ylel=V/
Sil’lCC ”b”a,s’ S ||b||a,s’+('£71)//3 and ”E”ms’ - ”h”(r,x’- 0

Before proving the smallness of the off-diagonal operator #, and of %#,, we need the
following preliminary lemma, which gives a suitable estimate of the multiplicative
function a(z, x).

LEMMA 4.7
There are u > 0, 8¢ > 0, and C > 0 with the following property: if |villos < 2R,
[wlo,s <, and s € [0, &), then ||allss+2-1)8 < C.

Proof
By Definition 3.2 of [w],., there are h; € W, 0 < i < ¢, and a sequence (0;)o<i<4
with 0; > o such that w = hg + hy +--- + hy and

d Whillos 5 03
D ooy = 2wl <20 (93)

i=0 !
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An elementary calculus, using the fact that max;>; k% exp{—(0; — 0)k} < C(a)/
(0; — o), gives

” i”o, K

17 llos+2c-1)/8 < C(ﬂm 94)
Hence, by (93) and (94),
”h ”o, K
lwllo,s 426178 < Z i los2e-1y78 < Zcmm < C(x)2u.

i=0 i=0

By Lemma 2.1(d), provided 8 is small enough, also [[v2(8, vi, w)l|e,s+2:—1)8 < C',
and therefore

||a||(T,S+2(T—1)/ﬂ =S ”(aug)((sv X, Vg + w + Uz(a’ vy, w)) ||O’,S+2(T—l)/,3 S C

This bound is a consequence of the analyticity assumption (H) on the nonlinearity f,
the Banach algebra property of X, ¢ >-—1)/8, and can be obtained as in (22). O

LEMMA 4.8 (Estimate of %)
Under the hypotheses of (P3), there exists a constant C > 0 depending on w such that

_ C
1210l 5+c—1yy2 < l€]® r)/Z;”h”a,swL(rfl)/L Vh e W™,

Proof
Recalling the definition of %, := |D|~/2.4|D|~"/? and ./, and using Lemma 4.6
since a(t, x) has zero time-average,

“@lhllmﬁ—(r—l)/z

= 1 DI™ A DI PRl ez = lel |IDI2 Py @ DI~ h)

o,s+(t—1)/2

< h < GB-1)/2 = h

< le| o[ 1)/2 lallo,s+@—-1y2+@=1/8 1Al s+ —1)2 = €] y||a||(7r+2(r 181l s4—1)/2

< |8|(37r)/2*”h”cﬂs+(1—l)/2

Y

since 0 < B < 1 and, by Lemma 4.7, ||a||g,s+2(f_1)//3 =< ||a||0,5+2(r_1)/5 <C. |
The smallness of #, := |D|~"/?>.#,|D|~'/? with respect to U is just a consequence

of Lemma 4.7 and of the regularizing property of d,,v2 : X5 — X5 42 proved in
Lemma 2.1. By (86), the loss of T — 1 derivatives due to |D|~'/? applied twice is
compensated by the gain of two derivatives due to 9,,v2 : Xo s = Xo 542
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LEMMA 4.9 (Estimate of %)
Under the hypotheses of ( P3), there exists a constant C > 0 depending on u such that

le]
12205 +c-1)2 < C7 Iillostc—1y2, Vh € W™,

Proof
By (86) and the regularizing estimate ||, v2[u]|ls5+2 < Cllu|lss of Lemma 2.1, we
get

C
|2k l55+c—1yy2 < —= I M2D)™ Rl 5171
7

_ el | P.Tw (a 3, va[|DI~/2R1) |

NG

= C|\/_|— ”a”(‘i s+t— lHawUZ |D|_1/2h] ”

o,s+1—1

o,s+1—1

gzl lallos+z—1 [ dwval | DI™2A]|

\/_ o,5+2
| I , el

=< = ||a“0,s+r—1|||D|_1/2h“a,s = C - ”h“a s+(t—1)/2
W Y

since T < 3 and, by Lemma 4.7, ||a||s s4+r—1 < llallo,s+2:—-1)/8 < C. O

Proof of property (P3) completed
Under the hypothesis of (P3), the linear operator U is invertible by Lemma 4.4 and,
by Lemmas 4.9 and 4.8, provided that § is small enough,

1

U R llosrc—1y2, 1U ™ Ralloste—1yy2 < T

Therefore also the linear operator U — 2| — %, is invertible, and its inverse satisfies
U = B1 = R2) " Bllossie—nye = I — U™ By = U™ B) "' U™ Mgy ©5)
< 20U hllost@-12 < Clbllostc-n2,  Vhe W™, (96)
Hence %, is invertible, #,! = |D|"V2(U — %, — %) ' |D|7'/? : W — wW®,
and by (86), (95),
|I$;1hlla,x = IDI7Y2(U — %1 — %)~ D" h|o.s
— |(U R1 — R2) " IDIT 20| g 54— 1)2

C _ C// CH B
=< _|||D| 172 h||o,s+(r—l)/2 =< _”h”a,s+t—l < _(Ln)r 1||h||a,s
VY Y Y

ﬂm

because 7 € W™ . This completes the proof of property (P3). O
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5. Solution of the (Q1)-equation
Once the (Q2) and (P)-equations are solved (with gaps for the latter), the last step is
to find solutions of the finite-dimensional (Q 1)-equation

— Av1 = HV] g((;, Ul), (97)
where
G5, vy)(t, x) 1= g(8, x, vi(t, x) + WS, vy, x) + v2(8, v, WS, V1)), x)).

We are interested in solutions (8, v) which belong to the Cantor set By,.

5.1. The (Q1)-equation for § =0
For § = 0, the (Q1)-equation (97) reduces to

— Avy = Ty, %0, v1) = 5™ Ty, (@, () (v1 + v2(0, vy, 0))7), 98)
which is the Euler-Lagrange equation of W, : B(2R, V;) — R,
Wo(vy) 1= Po(v1 + 12(0, vy, 0)), (99)

where @ : V — R is defined in (12).
In fact, since v,(0, vy, 0) solves the (Q2)-equation (for § = 0, w = 0), dDo(v; +
v2(0, vy, 0))[k] = 0, Vk € V,. Moreover, since Vi € Vi, D, v2(0, vy, 0)[h] € V2,

dWo(v)[h] = dPo(v1 + v2(0, vy, 0))[ 1 + Dy, v2(0, vy, 0)[A]]
= ddo(v + v2(0, vy, 0))[A]
= / [ — Av; — sy, (ap(x)(vl + 12(0, vy, 0)))p]h. (100)
Q

Hence v, is a critical point of Wy if and only if it is a solution of equation (98).

LEMMA 5.1
Let v be the nondegenerate solution of equation (11) introduced in Theorem 1.2. Then
vy := Iy, v € B(R; V1) is a nondegenerate solution of (98).

Proof
By Lemma 2.1(b), I1y,v = v,(0, vy, 0). Hence, since v solves (11), v; solves (98).
Now assume that 2; € Vj is a solution of the linearized equation at v, of (98). This
means

— Ahy = s*Ty, (pa,(x)(@1 + v2(0, 01, 0)P 7' (hy + hy)), (101)
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where hy := D,, v2(0, vy, 0)[h;] € V2. Now, by the definition of the map v,, we have
—Avy(0, vy, 0) = s*ITy, (ap(x)(vl + 1200, vy, 0))”), Yv; € B2R, V),
from which we derive, taking the differential at v,
— Ahy = 5*Tly, (pa,(x)([®1 + v2(0, D1, 0)7 7 (hy + hy)). (102)

Summing (101) and (102), we obtain that 27 = h; + h; is a solution of the linearized
form at v of equation (11). Since v is a nondegenerate solution of (11), 2z = 0; hence
h; = 0. As aresult, v; = Iy, v is a nondegenerate solution of (98). O

5.2. Proof of Theorem 1.2

By assumption, v is a nondegenerate solution of equation (11). Hence, by Lemma
5.1,v; = Iy, v € B(R, V)) is a nondegenerate solution of (98).

Since the map (8, vi) = —Av; — [Ty, %(8, vy) is in C*°([0, &) x Vi; V1), by the
implicit function theorem there is a C*°-path

S v1(5) S B(2R, V])

such that v{(8) is a solution of (97) and v;(0) = v;.
By Theorem 3.1, the function

#(8) := 8[vi(8) + v2(8, vi(8), WS, Vi) + B(5, vi(®))] € X5yos  (103)
is a solution of equation (3) if § belongs to the Cantor-like set
% := {8 €10,80) | (8, v1(8)) € B}

By Proposition 3.2, the smoothness of v(-) implies that the Cantor set ¢ has full
density at the origin (i.e., satisfies the measure estimate (4)).
Finally, by (103), since v = v; + v2(0, vy, 0),

[%(8) — 8Vll5 /2.
= 5| (v1(8) — V1) + (v2(8, v1(8), WS, v1(8))) — v2(0, V1, 0)) + W(8, v1(3)) Hgm
< 8(Iv1(8) — Villz/2.s + 0208, v1(8), W(S, v1(8))) — v2(0, 51,0)||m.5
+ 11w, vi@®)llz/2.5) = 0%

by (57).
This proves Theorem 1.2 in the case when v is nondegenerate in the whole
space V.
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Now, we can look for (277 /n)-time-periodic solutions of (3) as well. (They are partic-
ular 27 -periodic solutions.) Let

. 2w .
uis — tlme-perlodlc} =V, ®&W,,

XMogp = {u € X5 .

where V, (defined in (14)) and W, are the subspaces of V and W formed by the
functions (27 /n)-periodic in ¢.

Introducing an appropriate finite-dimensional subspace V; ,, C V,,, we split V,, =
Vi.2 @ V,.,, and we obtain associated (Q1)-, (Q2)-, (P)-equations as in (15).

With the arguments of Sections 2 and 3, we can solve the ((Q2)- and (P)-equations
exactly as in the case where n = 1.

The zeroth-order bifurcation equation is again equation (11) but in V,,, and the
corresponding functional is just the restriction of ®( to V,,.

The main assumption of Theorem 1.2 (that at least one of the critical points of
(®o)v,, called v, is nondegenerate) allows us to find a C*°-path § — v,(8) € V;, of
solutions of equation (97).

As above, this implies the conclusions of Theorem 1.2. O

6. Proof of Theorem 1.1
For this section we define the linear map #,, : V — V by

forv(r,x) =n(t +x)—nt —x) €V, (H,)t,x):=n(n(+x)) —n(nt —x))

so that V,, = #, V.

6.1.Case f(x,u) = az()u® + 0w

LEMMA 6.1

Let {(a3) = (l/ﬂ)fon as(x) # 0. Taking s* = sign{as), I ng € N such that Vn > ny,
the zeroth-order bifurcation equation (16) has a solution v € V,, which is nondegen-
erate in'V,.

Proof
Equation (16) is the Euler-Lagrange equation of

4

®o(v) = %—s*/ a3(0) (104)
0 ) o 3 4

The functional @, (v) := $¢(H#,v) has the following development: for v(z, x) =
n(t + x) — n(t — x) € V we obtain, using the fact that [, v* = [,(#,v)*,

& 4
D,(v) = 27‘”12/ ﬁz(t) dt — S*(a3>/ vo_ S*f (ag(x) _ (CZ3))(%I1U) '
i o 4 Q 4
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We choose s* = sign(as) so that s*(az) > 0. To simplify notation, take (az) > 0 so
that s* = 1,

on(I2) = 2] Jurwas—g [ vag [ (p-ormraad

{as) (a3) L2 (a3)
8 4
= 2 W) + 2, ),
(az)
where
1 1 3 2
V) = 5 /T iP(s)ds = 5 /T n*(s)ds — g( /T n2<s>ds) ,

az(x)

(asz)

Let E := {n € H'(T) | n is odd}. It is enough to prove that ¥ : E — R has a
nondegenerate critical point 77 and that #,, is small for large n (see Lemma 6.2).
Indeed, the operator W”(77) has the form Id + Compact, so that if its kernel is zero,
then W’ (%) is invertible. Hence, by the implicit function theorem, for n large enough,
®,, too (hence Py, ) has a nondegenerate critical point.

The critical points of W in E are the 27 -periodic odd solutions of

Rp(V) 1= % /Q bx) (A v)tdtdx, b(x):=

i+’ +3(n*)n = 0. (105)

By [2] it is known that there exists a solution of (105) which is a nondegenerate critical

point of ¥ in E. It remains to prove Lemma 6.2. O
LEMMA 6.2
There holds

I D%, (V)|l, ||ID*%,(v)|| — 0 asn — 400 (106)

uniformly for v in bounded sets of E.

Proof
We prove the estimate only for D>Z,,. We have

D*%,(v)[h, k] = i/ b)Y (A y0)2(H yh) (S yk) = 2 /” b(x)g(nx)dx,
27 Jq 27 Jo
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where g(y) is the m-periodic function defined by

g(y) == /T (n(t +y) — 0t — )* (B +y) — Bt — ) (y(t +y) — y(t — y)) di

B and y being associated with & and k as 5 is with v. Developing in Fourier series

g(y) = >,z g1 exp(i2ly), we have g(nx) = >, g exp(i2/nx). Extending b(x) to
a m-periodic function, we also write b(x) = )_,_, b exp(i2lx) with by = (b) = 0.
Therefore

| D> Rk, K]

3
= 5‘ Z 8ib_in
120

172
< Cll Bl liv oo (DB2) " = Cllwol Il el (3 52)
10 10

/2

<3 (Zgz)”z(;b%n)m ghzom(X0)"

15£0
1/2

Since (Y. b2)""? = 0asn — oo, it proves (106). With a similar calculus, we can
prove that DZ,(v) — 0asn — +o0. |

6.2. Case f(x,u) = au®> + Ou*)
With the frequency-amplitude relation (17), system (7) with p = 2 becomes

—Av = =8y gs(x, v+ w), Q) (107)
Low = 8Ilwgs(x, v+ w), (P)
where
X, 0u
gs(x, u) = S, ou) —5 ) _ ayu® + Sag(xyut + - - (108)
With the further rescaling
w— Sw
and since v> € W, system (107) is equivalent to
—Av =Ty (—2avw — adw? — §r(8, x, v + $w)), Q) {109)
L,w =a2v2+8HW(2a2vw+8a2w2+8r(5,x,v+8w)), (P)
where (8, x, u) = §*(f(x, Su) — ar8°u*) = as(x)u* + - - -.
For § = 0, system (109) reduces to
{ —Av = —22a21'lv(vw), (110)
Lw = ayvs,
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where L := —08,, + 3y, and it is equivalent to w = aL™"?, —Av =
—2a3Ty (vL~'v?), namely, to the zeroth-order bifurcation equation (18).

LEMMA 6.3
Ifa, # 0,3 ng € N such that Yn > ny, the zeroth-order bifurcation equation (18) has
a solution v € V,, which is nondegenerate in V.

Proof
We have to prove that @, (v) := ®y(H#,v), where O is defined in (19), possesses
nondegenerate critical points at least for n large.

®,, admits the following development (see [5, Lemmas 3.7, 3.8]). For v(t, x) =
n + x) — nt — x),

2

2 2
_ 2 [ .2 G 2
®,(v) = 27n /Tn (dt — (/Tn (t)dt)

2 2
a; 2712, % (/ 2 )2
+ —= v'LT v+ — t)dt .
2"2</s2 6 Tn()
Hence we can write

(o) = 5[5 [ o a5 [ o as) + )]
2
- 4?;4 [wop + %%(n)], (111)
2

where

1 1 2
OB /T i) ds = - ( /T (s ds)

and # : E — R is a smooth functional defined on E := {n € H'(T) | n odd}. By
(111), in order to prove that ®, has a nondegenerate critical point for n large enough,
it is enough to prove the following lemma. O

LEMMA 6.4
W : E — R possesses a nondegenerate critical point.

Proof
The critical points of W in E are the 2w -periodic odd solutions of the equation

i+ (/T nz(t)dt>n =0. (112)

Equation (112) has a 27 -periodic solution of the form 7(z) = (1/4/m)sint.
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We claim that 7 is nondegenerate. The linearized equation of (112) at 7 is
. 2 . .
h+h+—(/smth(t)dt)smt:O. (113)
TAJT

Developing in time-Fourier series A(f) = ), ., a sin kt, we find out that any solution
of the linearized equation (113) satisfies

—K’a;p +a, =0, Vk>2, a; =0

and therefore & = 0. O

As in Theorem 1.2, the existence of a solution v of the zeroth-order bifurcation
equation which is nondegenerate in some V), entails the conclusions of Theorem 1.2.
To avoid cumbersome notation, we still give the main arguments assuming thatn = 1.

Since for § = 0 the solution of the (P)-equation in (110) is w = a,L~'v?, it is
convenient to perform the change of variable

w=aL W +y, yeW. (114)
System (109) is then written
—Av = —2a§HV(vL_1v2) + HV(—2a2vy — adw? —8r(8, x, v+ (Sw)), Q)
L,y = 2a,8*R(v?) + 81'IW(2a2vw + Sayw? + 8r (8, x, v + Bw)), (P)
(115)
where w is a function of v and y through (114), and the linear operator in W,
Ri=1—->H'U-L,L7H=028""U—-L,L™",

does not depend on w and can be expressed as

2

92( 3w, cos(ln) sin( jx)) -y lzl_—jzwl» ; cos(lt) sin(jx).

1] 1]
Since 12|1? — j2|7' = 12|l + j|7'|l — j|~! < |I|, the operator Z satisfies the estimate
Ywe W, [Zwlss < lwlosst1- (116)

Splitting V = V| & V,, the (Q’)-equation is divided in two parts: the (Q’1)- and
(Q'2)-equations.

Setting
R :=[[vllo.s,

the analogue of Lemma 2.1 is the following.
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LEMMA 6.5

There exist N € Ny, o0 =In2/N > 0, 69 > 0, such that, VO < o <o,V |vilos <
2R,V |¥lles < 1,V 8 € [0, &), there exists a unique solution v2(5, vy, y) € Vo N Xy s
of the (Q'2)-equation with ||v2(8, vi, ¥)|lss < 1. Moreover, v,(0, ITy, v, 0) = Iy,7,

v2(8, v1, y) € X4 542, and the regularizing property
| Dyyv2(8, vi, WIA]llos+2 < Clihllos (117)

holds, where C is some positive constant.

Substituting v, = v,(6, vy, y) into the (P’)-equation yields
L,y =85, v1,y) :=8T(8, v + 128, v1, ). ¥). (118)
where

T3, v, y) i= 28a: (%) + My (2a20(@2 L' () + y) + Saz(a L~ (v%) + y)?
+8r(8, x, v + 8@ L™ (v?) + y))).

The (P’)-equation (118) can be solved as in Sections 3 and 4 with slight changes that
we specify.

THEOREM 6.1 (Solution of the (P’)-equation)

For 8¢ > 0 small enough, there exists a C®-function y : [0, 8y) x B2R, V) —
W N Xg/25 satisfying 30,v1) = 0, [|Yllz2s = O©), 1DVlzns = O(1), and
verifying the following property. Let

5240, v, ¥ v | 2y
2j (l+J)’

Bo = {(3, v1) €[0, 8) x BQR, V}) : ’w(é)l _j—

2y

&l — , VI > ,
@) =1 2 G —332

1+,

where w(8) = /1 — 2682 and M(8, vy, y) is defined in (119). Then ¥(8, v{) € By,
(8, v1) solves the (P’)-equation (118).

Proof
As before, the key point is the inversion, at each step of the iterative process, of a
linear operator

L8, v1, Y] = Lyh — 8P,y DTS, vy, y)[h], he W™.
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We have
DyI'(8, vy, y)[h]
=D, T (8, vi + v2(8, v1, ¥), y)[A] + DT (8, vi + v2(8, v1, ¥), ¥) Dyva(8, vy, y)[A]
and, as it can be directly verified,
DT, v, y)[h] = My ((3ugs)(x, v + Sw)h),

where g; is defined in (108) and w is given by (114). As in Section 4, setting a(¢, x) :=
(0,8s)(x, v(t, x)+S8w(t, x)), we can decompose £, (8, vy, y) = D — M — M ,, where
(with the notation of Section 4)

Dh := L,h — 8 P, Ty (ag(x)h),
Mh = 8P, Ty (a(t, x)h),
AMrh =8P, Tly DT (8, v1 + 128, v1, ¥), y) Dyva(8, vy, y)[h].

As in Lemma 4.1, the eigenvalues of the similarly defined operator Sy satisfy A; ; =
J*+8M(S, v1, y) + O(8/j), where

1
M@, vy, y) = @/(aug(g)(x, v + (8, vy, y) + Sw(t,x)) dx dt,
Q
w=a L7 () + y. (119)

The bounds for the operator D (see Lemma 4.3, Corollary 4.2) still hold, assuming an
analogous nonresonance condition, and we can define in the same way the operators
U, R\, Ry, With | U 05 = (14 O(8))||1||5.s. With the same arguments, we obtain
for %, the bound

e
1211|651 —1yy2 < 8* T;”h”a,x+(r71)/2,

which is enough since T < 2.
For the estimate of %#,, the most delicate term to deal with is
83| D|~V2D,F|D|~", where

F(8,v1, ) i= 2((w1 + v2(8, v, ))?)

because the operator # induces a loss of regularity (see (116)). However, again the
regularizing property (117) of the map v, enables us to obtain the bound

6
2201651z —1)2 < C; 121l 6,54+—1)/2- (120)
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The key point is that the loss of (r — 1) derivatives due to |D|~'/? applied
twice, added to the loss of one derivative due to # in (116), is compensated by
the gain of two derivatives with v,, whenever T < 2. Let us enter briefly into
details:

1Dy F . vi Aot = [22(1 + v)Dya(S, vi. DAY, 1y

< 2/|(v1 + v2)Dyv2(8, w1, Pkllost2
Cll@1 + vD)llos 12 Dyv2(8, iy MAllos42
KN, R, 1y llo)lhllos

IA

IA

by the regularizing property (117) of v,. We can then derive (120) as in the proof of
Lemma 4.9, using the fact that T < 2. O

Finally, inserting y(8, v;) in the (Q1')-equation, we get
— Av; =9(6, vy), (121)
where
%(0, v1) := — Iy, (2a2(v1 + v2(0, v, )L™ (v1 + v2(0, vy, 0))%).

As in Section 5.2, since &y : V — R possesses a nondegenerate critical point
v, the equation —Av; = %(0, v;) has the nondegenerate solution v, := Iy, v €
B(R, V}), and by the implicit function theorem, there exists a smooth path § +—
v1(8) € B(2R, V}) of solutions of (121) with v;(0) = v. As in Proposition 3.2, this
implies thatthe set 4 = {§ € (0, 8p) | (8, v1(8)) € B} has asymptotically full measure
at zero. O

A. Appendix

LEMMA A.1
If q is an even integer, then

/ a(x)vi(t,x)dtdx =0, Vv e V < {a(n’ —x) = —ax), Yx € [0, 7'(]}.
Q
If g = 3 is an odd integer, then

/ a()?(t, x)dtdx =0, Yv € V < {a(x — x) = a(x), Vx € [0, 7]}.
Q
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Proof
We first assume that g = 2s is even. If a(m — x) = —a(x) Vx € (0, ), then for all
veV,

/a(x)UZS(t,x)dtdx = / a(r — x)v*(t, 7 — x)dt dx
Q Q

= / —a(x)(—v(t + T, x))zs dtdx
Q

= —/ a(x)v*(, x)dt dx,
Q

and so [, a(x)v*(t, x)dt dx = 0.
Now assume that (v) := [, a(x)v*(t, x)dt dx = 0, Vv € V. Writing that D* % =
0, we get

/ a(xX)vi(t, x) - vas(t, x)dt dx =0, Y(vy, ..., v) € V.
Q
Choosing vy,(t, x) = vp,-1(¢, x) = cos(lt) sin(/x), we obtain

1

7 /Qa(x)vl(t, X) - Uyt x)(cos(th) =F 1)(1 — cos(2lx)) dtdx = 0.
Taking limits as [ — oo, there results fQ a(x)vi(t, x) - vy—1)(t, x)dtdx = 0,
Y(vi, ..., vas_1y) € V26D, Tterating this operation, we finally get

T
Y(vi, vo) € V2, / a(x)vi(t, x)va(t, x)dt dx = 0, and / a(x)dx = 0.
Q 0

Choosing vi(t, x) = vy(t, x) = cos(lt)sin(lx) in the first equality, we derive that
Jo a(x)sin*(lx)dx = 0. Hence VI € N, [, a(x)cos(2lx)dx = 0. This implies that
a is orthogonal in L?(0, w) to F = {b € L*(0, ) | b(w — x) = b(x) a.e.}. Hence
a(m — x) = —a(x) a.e., and since a is continuous, the identity holds everywhere.

We next assume that ¢ = 25 4 1 is odd, g > 3. The first implication is derived
in a similar way. Now assume that fQ a(x)vi(t,x)dtdx =0, Yv € V. We can prove
exactly as in the first part that

Y(vy, va, v3) € V3, / a(x)vi(t, x)va(t, x)v3(t, x)dt dx = 0.
Q

Choosing v (t, x) = cos(/,¢) sin(l1x), v2(¢, x) = cos(lrt) sin(lrx), v3(t, x) = cos((l; +
b)t)sin((l; + I»)x), and using the fact that fozn cos(lit) cos(lrt) cos((l; + )t)dt # 0,
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we obtain

/ i a(x)[sin(1; x) sin(l,.x) cos(lrx) + sin?(l,x) sin(l; x) cos(l; x)] dx
0 . (122)
= / a(x) sin(/;x) sin(l,x) sin ((11 + lz)x) dx =0.
0

Letting /I, go to infinity and taking limits, (122) yields fon(l/Z)a(x) sin(/;x)
cos(lix)dx = 0. Hence fon a(x)sin(2lx) = 0, VI > 0. This implies that, in
L?*(0, ), a is orthogonal to G = {b € L*(0, ) | b(w — x) = —b(x) a.e.}. Hence
a(r —x) =a(x), Vx € (0, ). O

Proof of Lemma 4.1
Let Kx(e) = S, L&) be the self-adjoint compact operator of F defined by

(Kk(g)l/l, v)é‘ = (us U)sz Vus LS Fk-

(In other words, K (¢)u is the unique weak solution z € Fy of Syz := u.)

Note that K (¢) is a positive operator, that is, (Ky(&)u, u), > 0, Vu £ 0, and note
that K (g) is also self-adjoint for the L2-scalar product.

By the spectral theory of compact self-adjoint operators in Hilbert spaces, there is
a (, )e-orthonormal basis (vk, ;) ;j>1,jx« of Fy such that vy ; is an eigenvector of Ky (¢)
associated to a positive eigenvalue vy ;(¢); the sequence (g j(€)); is nonincreasing
and tends to zero as j — -+o0. Each v, ;(e) belongs to D(S;) and is an eigenvector
of Sy with associated eigenvalue Ay j(e) = 1/vg ;(e), with (A j(€))j>1 — +00 as
j — 4o0.

The map ¢ — Ki(¢) € L(Fy, Fy) is differentiable, and K (¢) = —Ki(e)M K (¢),
where Mu := mi(apu).

Foru = Zj;ék ajvk,j(a) e Iy,

2
_ 2 _ loj |

(u,u)e = Z le; | and (u, )2 = Z @)
J#k j#Ek TS

Asa consequence,

Ak, j(&) = min{ Frﬂla”x 1(u, u)e; F subspace of F; of dimension j (if j < k),
uek,|lull 2=

j—1Gfj >k} (123)

It is clear by inspection that A; ;(0) = j* and that we can choose vy, ;0 =
/2/m sin(jx)/j. Hence, by (123), |A j(e) — 7%l < le]l llaollee < 1, from which
we derive

VI G, hri(e) = Ag (@) = (4 j) =2 = 2min(, j) =1 (= D. (124)
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In particular, the eigenvalues A j(¢) (v, j(€)) are simple. By the variational character-
ization (123), we also see that A; ;(¢) depends continuously on €, and we can assume,
without loss of generality, that & — vy ;(¢) is a continuous map to Fy.

Let ¢ j (&) := \/ Ak, j(&)vk, j(€); (@x,j(€)) j2k IS an L?-orthogonal family in Fy, and
o { Ki(&)pr, j(&) = vk j (&) j (&),
’ (wk,j(8)9 (pk,j(g))LZ = 1

We observe that the L?-orthogonality with respect to ¢y, j(e) is equivalent to the (, ),-
orthogonality with respect to ¢y ;(¢), and we observe that E; ;(¢) := [¢, j(es)]l is
invariant under K (¢). Using the fact that Ly ; := (Ki(¢) — v j(€)])|E, ;e 18 invertible,
it is easy to derive from the implicit function theorem that the maps (¢ — vy ;(¢)) and
(e = @y, j(¢)) are differentiable.

Denoting by P the orthogonal projector onto Ey ;(¢), we have

9 (&) = LT (=PK(&)pr j(e)) = L™ (PKeM Ky (e))
= (&)L Ki PMgy j (),
Vi ;(8) = (Ki(©)gr j(€), 9r j(€)) 2 = —(KiM Kigr j (&), 9. (€)) 12
= —(MKyprj(€), Kegn j(©)) » = —V;g,j(S)(prk,j@), @, j(©) . (125)

We have

Vi iV, o,
-1 } : Z k,j Ykl Z l
Vk’jL Kk( alvk,l> = — QU = Uk,
Aej — Akt

, 4 Vi — Vi i
I#] [

Hence, by (124), |vk,jL‘1KkPu|Lz < |u|.2/j. We obtain |<,o,’€7j((c:)|L2 = O(lagleo/J)-

Hence
2
=], = o(4)
T L F

Hence, by (125),
A (&) = (Moy (o), §0k,j(8))Lz =/ ao(x)(gr, ;) dx
0

2
= —/ ao(x) sm(jx)) dx+0< |a;)| )

Writing sin?(jx) = (1 — cos(2jx))/2, and since foﬂ ap(x)cos(2jx)dx =
— o (ao)<(x)sin(2jx)/2j dx, we get

Ay j(8) = %/0 ap(x)dx + O(HGOJUHI) — M5, vy, w) + 0(||a0]||H1 )
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Hence A j(e) = 24+ eM(8, vy, w)+ O(ellaolly1/j), which is the first estimate in
(80). O
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